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SYMIOLS

A";.‘ stetis merooynsmfic ferms.  See sguation {1951
Sy given mode of ipration in degres ¢ fresdnux.
';\‘ 2omponents of 3 ;. o tra ¥ coordirete syster
q';? inertis terms. See Sguetton &)
:: serodynamic stiffness avms.  Use Equation (196).
2"; the dyosmicsily tilancing rolation rete vith rcspect o qJ
of tae vehicle relstive to the vchicle axes.
L4
LJ comporents of SJ in the ¥ coordieats avatem.
i'-K serolynanic dampirg terms. Sec Equation (197).
E. ‘ie Jdynenicslly dalancing trsnslxifon rate with respect to
¢ §¥ of the vehicle relative to the vehizle axes.
CE component: of EJ in the y coordinete systesm.
C‘_“ permutating syabol. Sse text preceding Squation °39).
E pumber of thrust vectorirg notiles (or “eagizes”’.
- —t
:‘ ccxponents in the ér syetem af the gy vecto.s.
f-'- the sua of the externsl forces exertsd on the sehfcle.
F& the external force on the h-th parifcie of the {-tn section.
ks tuz lzternsl forze casrted on the h-th partfsle of the i-ir
t serticn by the J.th partisle of the k-th section.
F;;A,' the pagnitude of Foyy.
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tiue sum of the moreats about the origin . the sehicla axes
due TG the externel forces.
the force per unds mass due to gravise.

the soefliciert vl ‘structurel” damping assoclascd with the
J-th uzgree ot frexdenm.

products of inartis of 3L uctu~c and fuer «vnt vehicle axes.

the momente ond the negatives of ths prcdus: * of inertia of

sectios 1 about its cm sxes. See Equatiou /" 38).

inertis coupling terms. See Bquatios (173).

modar unbalances. See Zguaticn (150).

subscript .sed to dorate & particle of ¢ section.

the partial linesr velocity with respect to qJ of the center
of mass of section i relative to the vehicle axer - values
obtaiped after dypamic Lslancing.

conporsuts of Ky 1o the y coordivate system.

acnenrs and pegatives of products of inertia of structure and
fuel about vekicle uxes. See Equation (145).

subscrint used to dencte a s2ction of the vekicle.

threes untit vectors pointing respectively in the directions
of the three vehjcle axes y*. Sce Sec. 2 and Pig. 2.

three unit vectors pointing respectively i tde directions cf
the three axes ¥ of section 1. See Sec. 2 ond 3 azd Pig. 2.

the partial linear velocity with respect to qx ol the center
of mazs of secticn i relative to the vehicle axes - arditrary

valuas given prior to dypsaic balncing.

cocponents of Juq 1 the ¥ coordinate systea.

suffix used to denote s degree of freedom.

compopents of the stiffness tenvor. See Zjustion (90).
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suffix v ¢4 %0 denote 1 degree of frecsom
o0dal {rertia terms. See Sration (\153)
Ssuffix ua.ed to dencle s a_pree of fre dom.

components of thy imeriis terse-  See Equation (323

<he bendiny momerl 3t 3 specified locetion.
coeponents of M in the » coordinate rystes.
totsl 2852 of vehicle and fuel at sy inrtant.
rass of section .

zass of the h-th particle of secticn {.

the nuaber of sections amd tanks.

the gencralizeu forces associeted witn incriis forces. See
Equation (46).

=:0dal inertis terma. See Equation (172;.

punber of elastic degrees of freedorm.

a unit vector located &2 8 certain point on the surface,
perpendicular to the surfrce at that point, ard pol.:ting
ou’vard.

cocponedts of § in the=u’ coorainete syates.

the generslized forces associated vith conservaci.- internal
forcas.

position vector locsting the oripin of theU{ coordinste
system vith reapect tc the y coordinste systex. See Pig. 2.

compenents of 0y in the ¥y coordingte ayatex ond coorfiinates
of the renter of sass of csection £.

the mmder of particlies in the i-th section or tank of fuel.
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P the gereralized forcee asso tuted wity, ¢4.si ative interns)
J ferees. e
D,). 20d8l zooents snd pegstives of produ~t< of {nertis of wy

vehicle. See Bquatic. {93).

e f I modul moments and negotives Of products 6f irertla of ¥caw
: {. Ses Equatfon {179).

Q the gepevatized forces sa.uc~inted wita ey =raui forces. See
oo ? Equation (7). -
) c’l generalized coordinats sssocistoa ~ith the -4 degrec of e
¢ freedom 3
r suffix desotirg ihe r-th ¢oordinate axis in eilwr the y o
the ~v{ systes.
Si the surlace of the £-th section.
S suffi dsnoting the s-th coordinate sxis $n either the y or
y

Y the V{ aysten.
the kinetic energy of the vehicle and fuel.

f_‘-i

the megntidue of the thrust force at the i-th norzle.

t time. Also used sometizes as & suffix in the saze sensz as
ror g. .
U potentisl evergy due to elsstic defcrmstion.
5 .
" H y energy diseipated thru lamping.
V linssr velocity of the veaicie at the origin of the weihiicle
L sqe8.
. VP cczponents of ¥ iz the ¥y coordinste 2ystes. = :
1]
- ’5‘;{ valocity of thy h-th particle of tha 1-th section. i

the vork done by the exter forees.

the piston speed® (or dowsvash) et & point vn the surfasce.

=l § &

position vector of the vehicle in relation to 3 space-fixed
frame of reference.

¥
>

positios vector of tha h-:h particle of the 1-th section ip
Telation to the vehicle a.ces.
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cosponents of ;”1 - ¥ coordinates Of tre h-th particie of
the 1th sectien.

PCRLLION restor Of the cemter of mas: of the wel icle.

cozporents of ¥ in the y cooriipste systez.

3L

v
O"u

the partisl asguar velocity 7ith respect w g of the f
coordinstes relstive ¢~ the y syst:m - walues obteined
after dysanic valameiong.

components ¢f X j3 ‘o the f coordinate tyates.

the pertial snguler vilocity vith respect to ¢J of the ~}
coordinates relative to the y systes ary - .=y velues
glvenr rior ‘to dynest: Balancing.

compenents of 5“ in the g coordlire: -

procutts of inertia of seci.ua i referre. . tic sectiocoel
2X88.

“he distance from particle kJ to particle ih, See
Zqustion {77).

inertis coupling taras. See Byuation {171).

the Kxonesker delta
Grg ®lvhenr =z,

Brs = Ovasnr ¢s.

the logas-thaic decrement associeted vith the J-th &egree of
freedoa

.
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the eagle of rot: *{on of 35‘ :'” LI

inevtia coupling erns. See Bjuat.or ‘175).

inartfs coupilng ter=s. Sce . atica {16G).

nodal products of Inertis of sectisn §. See F_uution (1L2).

aagle of svivel of nazzle {or tne _) vecor) ~~out 3z axis
6 ) perpendiculer to J; and raking' in engle 4 vith 33
See Sec. 9.

ipertia coupling terms. See Equation (167).
serodynasic wodsl term. See Equation (351).

ratio of circunference o dicmater of & circle.
tr~ atmospheris density.

the pertisl linesr velocity with respect to q': of psrticle
n relative to 2sction £.

components of(;-':uI in me-'\)i’coox‘d!.:eze systes.

position vector of the h-th particle of the i-th section
relative to the origin of ‘.xe\)(':oordimne 3ysten,

coer.onents ot?& in tne “U{aysten.

angle of rotaticn ¢f the Axis snd plare of svivel sbout the
¥ exts (J,) See Sec. 9.

angular velocity of the vehicle axes.

components of S in the y coordinate systes.

vidration frequency auo.h:.ed 71th the j-th degree of
freedom. See Eguation (91)
inertias "sy=bols”. Sce Sjuctics {59).
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1. IMPoDXTmnX

Tuts report includes the derivation of the equat’.as to de used in tas
Structrral Loads Progive (SLP). YThis progream 58 t0 oe vsad In Jonjuniiiua
vita tne ~eic Six-Degree-ol-Fresdom Fiight Pat: (osguter Program (SDF), an
3 meens to deterwine the veblizle strueturul 1o s and response tue 1o eero-
dyrsxic 12ais. icsds dus to comtrcl surface deflecticns, sod ravisommencsl
dlsturbazcos (1.¢., vind prefiles 202 cxntincus discvsic twwilence ycfiles).
The progras permiic the imclusica of . o 17 elastic degrees L frexiom sad
30 fucl alosd motea. The elastic degress uf frexdom I, $Iiliary, and the
user may incorporate sny nusber of 30des such as Loty bend've, viug dending,
wing torsion, etc., 60 &8 tO total 17. The fusl siceh modes .uioTpcTate 2
longitudinal and 2 lstarsl woiss oo eack teac sod thr svogrea allove cos to
2zelude up to 10 tasks. It 1s recognised that the :nves vehlcls xotion
{lerge sotions) influesces tam ssall wotions telsstic deformsticnc snd foel
sloshing) of the vehicle, bt it is assumed that these smaller motioms bare
S Degligidle effact on the larger moticos of the vehicle. Olher dasic
acsuspiions used in this smalyais are:

1. Undsmped free vidration modes are used to gpecify the dlustic
deformations ead fuwl slosh.

2. Toere is no elastic cr darpicg coupling betwec the degrees of
freedon,

3. The sercdymenic forces can be obtalned by Nevioaian flow theory.

. The fuel surfuce (wice; ‘cr the sloerlng) is coneldered £o de
perpendicular t0 ibe r¢  .tart accelaraiicn at tha ceater of the
tank.

S. Toa fusl aloch sodes of ¢ tank that is zot vertical or risoatal

veriical or horizortal, I> additinon, longt b wloshing
in a horiscntal eylimdrical tank is rwi~sssaoted by aa snalogy zo
& rectacguiar temk.

6, ihe sffect of & rocket ¢agine can he reprericted by.s : Xrust vector,
wiich is & simplifitatica that ssswmes the cenler of mass fiX¥
through the nossls to be exactly aliusd with the geowstric axis
of ths nostle.

The complexitics imheremt ia this type of Jxvblesm are S0 great idat
certain cotventions of the tensor xotaticn are inccrporsted in the sudsegur1t
develoyment in order to shortenm the yriting of the sguaticus. These opsre-~
tisas are saplicitly expleined as they are imtroduced. The amalysis of the
strusturel loeds is logically developed in the followiang sequemr::

Mezosczipt x3leases by suthor, L Jemuary 196k, for riblicstion as sa MD
Tectmical Docusemtation Repoet.
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S St
A

~. Tre vahicle kinewatics are dcrived.
2. The force and mowent relaztions are found uaing “ewtonian sechanics.

*  The enuatiocns of motion of thc s=lastic deforuatior are derived (work
ard -zergy concepts are used .0 check the bdasi:c formulations of Itemsc

< wund 3:"

4. 9be wain equations to be uvasd Lo devermine tae elastic deformations
are put into terus suitsrle for computstion.

5. The aerodynam‘c forces (using Nevtonian ficv theory) “ire found.
6. The anslysis of the fusl ilash problem ia Lascluded.

7 The thrust forces are introduccd.

8. The accalerations st all locations are found.

9. The shear forces and bending wowents are calculated.

The generalized forces to bs used in the rrogram are inortia forces Nj, exter-
nal forces Qj, conservative internal forces O and dissipativa intarnal
forzes Pj . These forces are represented by Equaticns (k6) - (kD).

To clarify to socme degree the sudsequant analysiu, the representation of
t.s coordinate aystqs 1: sented in Figure 1. The origin of the corthogonal
reference frame { Yy } is represanted by an arditrar: poimt that would
be fixed in the vehicle if 1% ~emained ,igld during the wotion slong its
Tlight path. 1In conaugguag‘vitpjthh frame of referance, are located relative
cocrdinate systems (U ,U", U 7 ) positioned at various points on the tody
to define the elasti: defomtiou and fuel zlosh motions., An absolute rers-
rence frame (X', A%, X* ) 1 shovn for gemernlity with X the position vector
coanecting the origins of the ruference frames. As a physical insight into
the relative relations of these coordinate systems, cons. der thi ~ang vhen
the vehicle center of gravity (C.3.) is the urigin of the '.!3 1Y triad;
then, the velocity of this point iz represented by \(,: };‘z‘ﬁ .
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<. KIMBMATICH OF THE VEEICLE AWD BASIC »SSCMPT104S

In aonlyzizg the wutlon of 4 vehicle in flight, iv 13 :aveniant (periaps

pecessury’ W tu.Ok 1D terss of the following types cf motion: (1) the moticn
of the velit.v as = whole, vhich charactericss its "fligzt” and s veferred o
bere a5 tum , %3 2otict of wbe vebiclie. (2) large moticas of .ereain parts,
such b3 CCatIOl surfaces. reiative to thy rest of the vehicle asd large dle-
Tlasezants of V1< fuel .rn the tande, and () SRow. dasuic azzermtions and

f IS .-oohina Typss of wotion (1) and (2% are determiped ir the basic Six.
Legre~-c? Preedow ZLight Path Study Genmeralized Computer Progres (GLF; end

tte vzhicle Fhysica' Th teristics Sab (VPCS'. Tyte {3V is to be
deternined La the Siructural Losds m (S!.P), n, a8 itr uase insleates.
15 also to actermine the elaultural lcads.

It is azsumed berc tbat the relatively small elastic dcforzations and fuel
sloshing wotions bave & negligible effect vn tha Jther {large) moticns of the
vehicle. {Some considersiicos sssociated vith this assumption are investigated
in folloving parsgrapis.) It is pot sssumed that ths large moticns of the
vehicle heve u Degligitle effect ca the ssall woticas. Consaquently, the large
soticas - types (i) and {2) - vill Ve wwployed as part of ths input to the
Structural Loads Progras.

Ap ortbogoual right-banded trisd of uait vectars J, ., Jg,J, that wvould
be fixed iz the vehicle 1r it vere perfectly rigid 12 introduced to provide a
frame of rafererce {a) to repressut the gross mution of the vehicle apd (b)
16 faciiitate the description of tbe o’M sotions of the vehicle - zypes (2)
o (3). Rect.nmur_eequnat:a z “§.'§ are sssocisted respectively vith
the ualt vectors ¢, Jda. Ja 1o Figure 2. These coordioatgs are

seen Lo be the components of thn poaxt.lon vactor ? » vaich equals J. ‘e J.I: ud.tt

The axes of thest coordivstes are called "veblcle™ axes.

-y = =
Additionml orthoscosl right-banded trisds of unit vectors U, +dg +J3
that vould be fixed 1z the various parts of the vehicle and in tde fuel in
ths various tsaks {f they vere rigid are fntroduced s frames of reference
(2) to represent the motiocas of the perts and the &lsplacements of thsy me).
relative to the vehicle md {b) to facilitate uwe description of the elssti
deforsetions sad the sloshing of the fuel. Rectanguler coordinates vt ‘\J
are assoctated respestively vith the uait voctors V) s J. M &nd these
coordinates are uu componants of the vactor T , which is the positicn
vestor in tke J ¢ Coonlinste systen. The axes o! these cooruu_wc are
called "section” axes. The vector @ locates tbhe origin of the J, coordd -
nate systew vith respect to the J, eystes. Coocequently, tbenm, ;r -& 0.

The groes sotics of the vehicle 1a that of the Jy (v= 1.2.3) _triad,
viuch has & linear velocity ¥ at its origln snd an sngular valeclity f2,
These velocities ars functioos of the time ¥ , and, togacher vith their
derivatives, completely descride the gross muoo of the vebicls.

Ceneraslized cooriizxtes are esplcyed to specify the cunfiguration of the
vehicle and fuel relative tc this frame of reference - the Jo trisd. Iz so







dolng, howerer, a 3istinction is wedc between the iarie moOtina. of type {2)
and the =2l motions - type {3). Inaszuh a< the largs wotiors are farecnovn
in the 5!P <hey csn be lpecl. fed by peans of - 3ingle .oreralized coordinate,
for wnrich tae myzbol is chocen here, and which &s *, be equated to the
tive ¢ To. use of @° for this purpose rather thar T, even thougn che
twy - sumerically squivalent, gerves tc 44s%iagu’ .u the zotions ot tvpe (2°
e trs z=mzg motion, type (1 S the groes moticn beiny =.prozenied as a
fameiadn i T but not se a function of ?o.

Unzauped free vioraticn sodes 72 uatd &2 legrevs of freedos for sxsify-
{ug elastic deformatlons »rd fuel eloghing, sotionz of type {3), and ars
referred to as elastic degre~s of freede=. (G204 resulis crn reasonadbly be
expected if & eulficienc nuscer of the lover fregreacy o wre us-d ) "'bt.-se
sznll notions are specifisd by the penerslized coordinsies -, 7, .. 7 (n
being the nuzber of elastic degrees of freedos).

At this zoint, ft 1s coavenlent to “dopt the raage aid su=xation conven-
“ious of the tensor esalysis as follovs:

(1) Range Convention - A coordinate suffix thet occurs just cnce 1a
& tern 13 und2rs2ood to represcnt zll the integral values appro-
priste-to its range.

(2) Bvumation Couvention - A coordinate suffix that occurs Just tuwice
12 & term ioplies suzwation with respect to t st suffix over its
TERsgn.

Thess cosvaaticns enable us to write

§=dr y 3. ‘t eyt s ) wm
ﬁ:J;v (K AR (2
8=J,0" Jo'+J, & & s*) )
.
J,=J_,e,.(—Je -»J e + ,e,} )
The 6" in cqustlon (3} sre the eoorgmul sa O.th‘_ coordiaste systes of
tbeorigln of the J% systes. The €, in (4) ere the corponents (n the &
ayster o _t_st' vect.m-c* {or-ny;tr‘ic\nu Soice ¢f ™ gnéd 5,
e.—ﬂ;a ummomdmmwman.zndus.
Equations (1 y (2), e5d {3) illustiste the uce of the suszecion conventiocs;
equaticn {4} illustrates doth comventices.
Unless othervise noted, the rangs of the suffix of a wait vector (J
or J1 ) or of & rectangular cocrdinate { Y v, or 8T) 181, 2, 3.
’nnr-aztod’tbemfﬂxarlscnerdz 4 coordinate ( 9% ) will be understood
tobe /), 2,...n. Zevo (28 1o §°) 1s specificelly‘szé deliderstely 1v-

cluded xa the use of the range and summation conventicas. Thus, in specifying
basic fusctionsl relsticns, we vrite
J =7 (‘tz . (5)
99 )
4 (3]
7l ;
2°) @
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.
I Siree 7 = U, we £ind by substitation from {1} thr (4, twat
3 -

U4
T e ot
SO td ey
.- r - >
R S (9)
r r .3 / )
4'= [ e, 0 = jr\?; /a‘ (10)

The cozponents & of the position vector g are the coor~insss of a

prticle of the vehicle, and their sa-iuticn 3. tuc porticle zoves with respect
to the J, fraze of refereace {s a fungtion of :/" »nd tae ¢, oince the
angular velocivy of the J, triad {s , ana since the 7, ‘are Dunctions of
the tize T only, their cerivatives sre

_j.sgL: .’.;liTr (1)

+ is clear fros (10) that -gé(l_- = C ; therefore, fros (1),

:%&%j’:ﬂx],fj':ﬁ:j (2)
anc ;‘g’{g*’j—‘%{;'r#;(

SRS Y S 1 -
stnce c/}": j’}—?—t: " )

.1-

Y Y



. <
9 = («?-2- and is wnknovn onti, letersinec in the s0° iion of the

equaticne »7 soticn, vhich are to rollow.

the linear velocaty of the origin of the J
velocity of w .article of the vehicle ic

dz
*7¥

vaging use ci (i3]} a:d the fact that
trasc i3 V s ve (ind that tne

\I

v -

1
=<

The 2cceleratiun cf a varticle cen te found as Zollovs

_fr-(?_g’):%g’ggg n ‘j'fé";" !"n\g;;, ) 16)
?dt:@‘g" x% —a-#-'- 7 17}
Likevwise

RSN

The accelerstion is nov round dy cifrerentiation of {15) and substitution
froe (13), (17), and (18), with the result

‘5{; a.t’+n xajéwa-%-xg rji u+d(\/§?‘¢79‘+§§% §"
:-grf sfr(ig +§i§ xg+ 27 xg-g-v +§f;'d;7

,2(11,3?, 3%3-[7%” 79+%{-:7 (a9

-8-




W note thst

22740 L dd o
d dr ~*

JT e
gt e N
-.‘;A..flr 20}

because fl:J,fY:.fi r.\;) =O.

e N . then, are the components of the angular accelerat‘u: The linear
acceleratict &t the origin is

hEpon
2 V40V
:,I(\'/" +Q"v’_ 54 y‘\)
Fn eV -nY)
v, (Vs v nry) (21)

The coefficients of the unit vectors ars: tae cosporwnts of the linear accel-
eration.




3. FORCES, VOMENTS, AND “DYMAKTC BALANCING"

16 ' ap.aicetion of Yevion's second iav of zoti~, o the vemici-, 1
13 Dou~sak *- have A 3eans of 1dentilfvirg ths parcicies. But the veurrie
I vi%ad 1nto various parts {or secticns) and varfos fuel tauks, viion
ale0 6224 *~ se identified. Because of its shifty and sl<.by net.re, to=
Jeel fownl be regarded as pan of the tank that c¢nntairs ft. The tank fi-
self 1s treated a3 ot OF KOTe SLiUCLUTEL St.. on6.  Subrerinis srg et 2
10 fauuuify 3asess or mass particles = their rectangular c<or<'.matea, a
<ingle £ MSerITs or ¢he £irnt of two suber.;'r damstlizy e sestion or the
fuel contained in a certain tunk, and the second sudscript Jdenoting he
particie of the seciion oy fisl. The abacace 0Ff surn Sutec iL%3 denotes a
quantity periaining to the entire vehicle.

Thus the oksg of the h- th perticle of the f-th Sectioa ¢ ., o0d it
coordinatct are o' md\)(,, « The cass of the 1-tb section 1s m and it
“coordsnates” O . The mass of tbe entire vehicle it m ! itnout a sub-
seript). Let A be tbe nusber of particles in the i-th s=cticn or tank of
fuel and N be the nuster of sections srd tanks,

4
thea ;o= 5Y g (22)
hel
A
s0d =S .y - 2’_— ” (23)
ol as 7

Let the J,zrhd of the 1-th ssction or tank of fuecl be designated &3 the J r.
triad and let 123 origin be at the center of mass of the i-th systea of
particles. Then Y.beo are the coordicaies of the center of =ase of the 1-ik
section. and

A -

Z. My Ven 0
] (24
Alsu, let y: be the coordinates of the center of zass ui “»e v hicle. Then,

vith the aid of (10), (22), and (7%) it is found that

. &

N
- S v
s (s el
R m, (G 18,1V,

sl
)=
J
A3
[

)
o

-10




i AN

in oy tor tation

Tl B aae o SfRTeen s
- ’
[ M L
"
7;'::', L . ~osition vector f lhe center of m:wis o w sehiCiw

S.ub tbe aid of Newton's a4 law of motuzn, 1L car e

« 2 forees
su~ of the »-ternal for LY
~pzom2 lav U2 wouiom mwad ‘1),

Ty
"
Ma
M-
3
(o
%
.

wtopd DL
v r o, -
.‘.Z - ,'*,,g-g"n x(ﬁ*,-,»/"f;?lg.;,
y .

2 e o 2§, .3
MG s 5

~hem
ex._rved on 2ll the zarticles of the vericle egua 5 ¢
ces only Tet this v lesignated By F, th~-

Ligevise, the suz of the oowents about the origi, of the J
all the forces is equsl to the sua of the =ouents due to the external fnrces

caly.
and (19),

5:55_‘_&' %‘—'—i
"

Fa EZ: my, g-h X !if%? 40 x (?1 ! g‘h) . i;{l ’

that

TR

L

o
=

(21}
triad due to

Let this e designated by G then, by Nevton's second lav of rotion

+ ﬁ ‘;’—?(*-L-f—,—#“!’- fl\/dfll%g-;l‘--ra\??%‘?é-)i.

7 il 37
:3"’ Lo et D¢ 5%
r&‘%—%c] 4+ ——J—,ﬁ }

-11-
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-nnsmuch as the J' triad provides a frame of roeference . “spresent the

gross motion of thie vepicie, itu linear and anguiar velociiies and acceleraticnc

v,4, c:/u., and a../dt are those of the vehicle as a whole. It weild be
etrict'v pr:‘»c* to require these velocities and accelera*iong 4o satiafy (O7:
and (&3); %ut ¢ ha= been assumed that the elast!c Aafg-aations and fuel
sloshing, zutlons of type \3) ha-e w negligiule «2fecy on the large ~ot’. o

Of the wah'~i., therefore, 7v,l, dV/dt, and 41/4t are regarded as not befag
func® 1oz of the generalized coordimaics  or tielr Jderivatives ;‘and 7

The fn-t Y-+ P and € may b significanily affected by the viastic defcrma-.
tion o1 serodynamic sv'rfaces is arbltrarily dieregarded here, snd the portions:
ot (27) and (28) invelving " apa 4 are simyly ignored in th: jrocess cf
deternining the gross motion of the vehicic, This Lleavez -~ for the determi-
ne.iou of the gross sotion,

~

2 moGE D f/) ’{\“3.:‘»

tﬂ LEN] '\ dr
; DY Jg!
4-1 ;1 A ";j:)‘-‘h + 3 "/ J"' 1 (29)
G=§:f_‘ L fg+ﬂx(f'.xy.h)+§‘¢kx.ym

+2 A 2Yur g -l .
NECIAE L (30}

with none of the:2 terms being regarded as functicns of the 9"
‘«
Equntion (27,) contains the suomations I = m.n Son

o TN

-

z ;I m ., —’jf#- . If the terms of (29) are not to be functions of
", the partisl derivatives of these sumnations with respect to the r,
ah d be equal to zero. Furthermore, if these, nne partial der. :tives are
equal to zero, the terwr of {27) involving wue 4" and the %" will venish,
because they contain tuese partial derivatives as factors. In fact, it is

sufficiernt for thisc pu.yoss for v

to be zero, vecause > 2 ‘;“ m,, Wi‘*’

&/

2y -
%%;f- " %” $ 55 0, o
11' TJ_ .

<, 4: ey %9‘ 0.

Feference to Bquation (26) sheds a little more light on this problem:

4 P

sz‘ha&~}77m 9 :mg‘%'? {(31)

-12-
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§;

Froz the ,):,'siuu vievpoint it is clear tnat
resaly of elassls deformation, but thal fact
of its .ueaging raprdly,
vill squal zaro.
tion o

[ will not change Ach 13 «
)es £ot precluue the w fibuuy
thcrefore, 1t is rash to escums sobitrarily trat (31)
Rather. §t is desiradle to lmpose its bring zero as 4 ~oddl
t» sutisfied by the elastic degreect of freedow.

Tue omxacnts of *he duertia tensor {or elesents of tr. inertia vatrix)
tue .« 12 &re given by the formula (Peference 7, Zquation 2.12)

of

Lo L Y
M= 2, AN O (32)

It 43 «nown that M =0 vhes the J-uu drgres of irsedom iv & for- of motion in
vhich the vendelds -v“ﬁ ne = ritd boly, laving o truslation reie T, and a

rotation rate b reletive tc f-bc Jy triad, ond the k-\k dagree of rreedou is

& normal free-frce aode of v.usaticp. When suck is the caze,

3.}%.5_ = eJ+by x G, (33)

= g -Ef% éi m,, 2. 4 & . s §f501,52, x 1§%gL

sl h af el Al
=0
(3%)
x Q, » being 35y treaslstica and votation rates of the vekicle, ars
J.ry therefore,
..n% Min % k=0 (35)
snd ”~ z
- oG
; ~ m, y,, H -“-!“-A-a?( =0
(36)

wir the k-th degree of freedon is a normel free-free d2 Cf vibratien.




X
4

This, i the elastic dearers of freedoa satisfy the scudail-n (hat they
are o.rzmel fewe fro. =cdac of vibration, Equation (35) s satisc.ed, the t-rtu
i (27) tovo.ving G ant ~%-zzizh [otmooeting the differes .e between (27,
and (25;), and the terzs on the right side of (29) are nci furetions of tue

“. However, “hz usc of norsal free-free modes u..utpr.shes more than this.
.

tton {30, drectlv eliminates ome term of (23}, azn differcntiars~ _¢

ZHetton

{20} Ivauws O the clinfination of other terss, as Inll--e

0 (s7)

= C')
(38)
bazause interchansing the superscripts k acd 1 does rot affect the left side

of (32} vhereas it reverses the sign of the right side, and caly zero squals
ita o,yosite. Furtbermore, tbe superscript L could be replaced by C in the %vo
- quations above; thus, (28) is reduced to

C=5 & mag [ en g gl g,

+

+2 Ny :{;.@74%_2,@%41 a x%%%;‘_l

(39)

vhich sould de used for vhatcver value it sight have in solving for the 9"', 1
being recognized that the tervs of this equalica are furctions of the ?‘, in
contreat to the use of equaticas (29) aad (30).

The results thus accoaplished by the use of normal free-free sodes of
vibratiocn can also be brought abcut by & "dynexds balsncing’ of esch degree
of freedor individuslly. In order to do this, let

6. . = -
3‘%1'& z Qn.»"bk'ffm +Z, )

-1k~




the il";' being glven (nnt necessarily rree-free) mdles of vibratiun, and the
< and 't, heing as defined in connection with (33) except thay, iactesd of
t:ing arbatrary, thev are nov unknowns to be determined in such a wvay that
{15) and {3€) will be satisfied. Sudsittntion from (LO) f{nt: (235) results in
‘,'Y' _\:?.' /

2o (G th o gt 5’!)

N

.« [t - - - g
B I LU TR S 4 EK ryo +mc, =49,
(81)
and cubstitution into (36) resulta in
= _ -
}TThZ-:.m“' glh' “Mh‘*bx’%b*cx
« £ -
- ;I: %T M yihl (ax.r, *bxlyih)+m3t_ X C
=0 _
{42)

_Now let us eliminate C, by forming the vector prodnt of 9,_\!1':1: (h1) and
subtracting it froa (k2). This results in -

ggmm glh A (am +BK 'gih\)
- A o - - _
T Z: gmu Qpn™ MY A (b*'\ ‘-96):07 (43)

vhich can be sclved for the b, . Once the D, are cttained, (M can be used
to obtain the Cy. When the b, cndC, ere cbtained in this x.acer, the use
of {30) reeults in %%;*ﬂnt utin?y (35) «nd (36). These may be called

"dynsmically balanced” modes. They have the practical advantage of being
mch more easily obtained tr.n the normal free-fres modes.

LA ot ol 2N

LoHp g e N

e



k. EQUATIONS OF MOTION F(R THE EJASTIC IEFORMATI WS

Ii. the nreceding section, the influence of the internat forces and the
diztri ution of the aerodynamic pressures over tre surfr.e of the vehicle were
delilérateiy dlerogarded. In this section, it will be necessary to give theu
full cunaliera®tion, bLeacause their effect on the elastic Ceformations cannot be
disirunrdad and becsuse the purnpose of thie section s to deduce equaticus of
mation for +he dotermination of the elastic deformntions i.. the various degrecz:c
of fracicw. For “be sske of suitaule notatisa, les Fig aenote {be external
force on th: h-th particle of thwe i-th sectiis, and let Tk s repreaant ihe
internal rorce exertad on the h-th particle of the i-th uf't[ on by the $-th
particle of tnr k-th section. Ty Newton's seccnd law of motlion, then, the
total force exerted againet tLe h-th particle of tne {-th tection is

— P .
M $B = By +i-:§.\ Fores . (ki)

The equations of motion in terms of generalized .")rces are obtained from
(44) ty forming the scalar product of w. with each term and summing ove:
h aud 1. Thus

i\i e %“;\1& %3 _k z:-\i "{‘
L‘if 2| AQ‘ .ﬁ"“** : (45)

For convenience, the generalized forces are separated into four types and
designated as follows:

1. Those associated vith inertia forces are

; muk 6%& . A (46)
il ‘t
2. Those associated with externsl forces are

=§§ﬁ{.ﬁ,\_ | W

3. Those associated with conservative intarnel forces are OJ.
L. Those associated with dissipative internal forces are PJ
Since the E_&‘?danote the internal forces, ve may let

-6~



Sﬁ LY By ?
N sfah s
0,+»--L3 7Y 7 EP hkg &)
ERRETy <
ana cab.titnticn froz these last three sgusi.inc inte {45° lesas o
Ny =P = Q. RED

Substitutioe I~z {39} fato (M) recuits in

;m\g\ai“fj-‘-«—ﬂ Q)+ R/ 25
s27i xg‘*«w‘g}t‘- *a(nx%‘t%%ﬁ ) (50}

aq°4n”
+ 388 Foh 2 "1

()qﬂéql q ‘i + Jd.
If ve make use of (32), (35Y, (3%}, (’;8), and some pew symbols in an examinating
of the individual terms of '50), ve cbtein a simpler end txre proctisal es-
preu‘.o-x for “y as follovs:

i Yh;. 4= ZZM@ %%;*w 0 o

o el g

A
pA

s
0

™Messe

I~

S (BxFa)

WAL SR Fe) - (S }m)ﬂﬂ))
{07 ‘3«4.9.‘ - ooy e

ﬁ & (4 84 B 4")"”-“ var(s2)

"v
5 g

t
11

"

2 T
1 3 =]

o
_
+
o

T~

S

3
Pres = & £‘Mtf\($rs k%% qa) 3 (53}

"“ il M 6-‘;“;\ i-g a"’ &= é{-: ;Z: z-;mcki}-t&* g%f&
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P, - - - —_— v P - -
“(—m '\e\' x6 l\: ‘.&y"uk&:.o\-
S et A L] it o
L = At )
v v v P
— ce . AT 4 . _7; . é B, &8
TEme e BT f e g
=0

o (57)

»
SRRy

L LM G- g -l 2

| 4

)
§, gl o g,la Wct Iv_f‘ (s6)
Z‘{_‘lm‘c\ gﬁf"* %‘**-“‘= My | (s0;

Sabstitution from (51) turough (60) into (50) results 1n

Ny = - Q7 Py +lood + 2R3 &
et e+ g, €

It 18 8250 pessible to use the faxdliar lagrengean ecpreesion far 3 "J
m;emoftmhneuccnery'r To ahow that this is 80, we nste from
{15) that

g :s}%&k' (62)
34 fron (15) a4 (18) thay
q- - Q 3%1&\ +§\t e B Qe “
&5,

The Xinetic enerzy {a givern by the well koovn formla

N — —
T‘_-?-_)f}:‘m,z_ g - Ry (6%)
vhenca, with the atd of (62) and (63),

[ m\a 17‘&-%%«4\

] A}

T

-18-




+ Wy

{__‘ ; Mme Fo- \%:5) n

Saubtraction of {67) froe {6L) remults in the lagresg an erpronstoa

si(d-4L- i1 m‘\%“"ﬁz“' = N (c8)

ot 51

by the defining equation (§6). The use of this sxpressioan to obttain (61)
lesds to tr+ inter=sting discovery that

Q%R £Q0° S (9

come 3l .
or it R G 7'-., +P (70)
vbere I, X mea(6,e ‘3‘.& Yoz Yia ?-.c) {11)

- mu» and regatives of prod\.J.s of inertis of
structure and fuei about vehicle axer.

It is also interesting and Lseful to cbserve fros (60), (02) (65),
and the f22t 4tat ‘“3“/&1' is oot a function of the q

Lt
Wi = 72)
miK = 'QQLYM . ¢
This 1s especiaily ussful n treating the fnertis effects of fuel slosh.

Recallirg the definition of T.gg; , ve Xaow by hewtoa's third lsw of
motion thet /4
13)

?4&". * = ﬁé"‘ )
and that E"‘J 13 Farallel to 1};4,—'!}&.7’- )

-19-
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s0 toat EL*? x (?‘L_}ﬂﬁ = © ()
Substitrtion fro= (73) futo (43) results in

o,.r,-)_% R 'lw

oqi
IR4% o0 m

I (45) 12 22124 to (75} end the sum vided by 2, the result is

. 0
J*Ps"-“tf.g&; (:ra('}d R R
Let "}&—g‘?] = AM} , ()
which is the distacce from p‘r‘.icww particlid; amd

let ;’ﬁ“.lggl,’ (18)

positive vher it tends tc increase A,,.L-‘f'_nd oegative vhen 1t tends
to decreave A i 4

Thes, unea?"‘l,u parsllel wf‘—ﬁ’, 1t can be shovn thet (76} 1o

equivale
orpo—bfLLL P g besy @

Jat U be the potential epergy due 20 elastic deformaticn, snd et v
e the energy dissipated thrcugh dsmping. These both represent work dore
1a overcoming intermsl foreu: thererors,

£lowv)= —Z“Eﬁ Feag T
e Tik
E‘éf- O s
ﬂ Fiads (Tt~ Taz)
= —t F‘.u; [+ (7“*'9"}!

+ &r <fm- Top) i a4l

(76)

(60}
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becouse of {15). The tera
Tty Qe (e p2)= - D Tawpx(foa-faz)= O o)

008U~ A7 {([w,; thersfore, because of {76),

j‘é(uw) = 0+ R +(Oj+?j}q“ ) (82

where 00'? Po-

“3LLE Rt e o)

s}

2-%‘%2!&] sl EI{‘J’ 'gq» Avf.ir N {83}

Since the O, are associated vith conasrvative Interoal forces ard the
P, are aseociated vith dsssipitive internal forces, 1t is clear frca tbe
riattions o2 U snd ¥ and from (82) that

Yo . =3
4= 0:+059 (&)
ﬁutz =B +RY . {8%)
%ov U 1s & functica ofq'a.nd the q‘- but oot of their time dsrivatives; “herefore,
= g %
i“é ¢ a9 . )
Yrom (84} azld (86), vo see that
0= 3% on 0= . @

This can be extremely balpful in ths cosputatica of the °3'

If the Frg 44 ars culy the dissipative interzal fcrcec, equation {79)
zay be dimetiy \?um for the caleulution of the P,. In using equation {47)
to coupute the Q,, numtucunrytozumderor«emtomvuy
because such & fgm can 2 represonted um“i, iz vhich cace




IO B AT g, -

[V - o P, -
i LA A A
LLmag - 3% =§ LEmaggh=0 (@)

vhen (35) 1 satisfied.

=% .t {ntrodute certein assmpiions here and  roceed to Some furtler
creatmant of Lhe O.S and PJ Firsy, let ue assume toot U i» s ainioms vien
the q; squal zero;Vthen

OJ%FO whew the gd= 0 (85}

and, a8 a close and convenient approavizetion {(Reference 7, £_ ation &-bb)

OJ': E(;Kq" ) (0

viere iil“_- ﬁ.};\i evalnated for the C‘.‘ 0.

Inasmich as undsxped fres vibrition nodes are used as dagrees of freedom
for specifying elastic deformeticos and fuel sloshing, there 1s a frequency
Wy associsted vith the j-th degres of freedoz for eil the values of 3. For

the {irst degree 2f freedom,

= \[X:
W, = -ﬁ‘: (1)
oo Kt (W) My . ()
Lixewise,
Koo = ()" 1
. L) (93}

L3
Kis =(w) Ma,
a2d 80 forth fio ell the degrees of freedon. It 1s nov furtder sssuzed, sad
thise muat be careiully noted, that the degreee of freedom vill ve so chosen
that there vill be no elastic coupling, that is, so that

KJ“: O when § ¥ WK, (o)




Yoy

\OF I SRT

(T Loting the legrees of frecdom in this “ashion is & co=o.: practice In tie
amalyeln of r.aticv 3%bility.; A grnernl expression fo. the K it

.
Jpos 3 MG B gE (55)

Wheute. vwveta.tation fnate {90) yields

% i ‘o
0f + (® igqf - . e

These equatiins (T1° torosgn {965) wre dased on the catheisticat relation:
expressing the vib.ato<y woticn of the systen LA (Ol .= ¢ ue given degress
cf freede= at & time. A further pursuit of thiz line of thcushit, Mnked with
the association of a coefficient of “structural® draping g 4 %.tb ench degree

of freedom lesds to a simple formrla, sislogous to (G5}, for £y. This is

Pi= g5 wy Mg tom)

The deterzinction of .,'1 Srec the logaritimic decrement 5', is simple, as
follovs b 3

Y

o

(98}

W

{;§>4; vzen b', is szall,
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Whi.e £t adds nothing *o the present forzulatfon of  » aquetions ¢f

motion, Lt fs A valasble check on the basic formulatlion t.: {nvestigate the
worr and epervy celetions. Usiag {15), (27), (28), (b&:, ard {(64) give- .o

7 7, . ATk
- m‘% V\.l\ R‘

=g§\‘(\\¢\ 522—".& . (l7+ﬂx g,,g\s. %gf;q‘ N l}}i’j\oﬁ)

=V F+O- BNy )

'gg mj{- are given by (34) ani (85), and, 1T W 13 work dons by the external

forces,

:3%)”:)? Fa- Tt
bl

= § £ R (7T Gunr Bt + 38t §)

=V Fe0B+Q+ @ q, (100)
use having been cade of {47).

By substituting ths suffix O for j 4ia Equations (45) thru (49), ve find
that

N+0, +P. = Q, . ) (x01)
Becauge of this and {49)

N+ 0,+P.*-(N3+05"'~°i)ql= Qo+ 0 ‘.}", (102)

-24.
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VF-Q § N+, +P + (N,w,r?gé"’

:V'F*ﬁ"(—;—*‘ Rt Q'.ql A 1103)
N "1.m tato (133) fior (MY, {Bey, (89), and (iN0) cesilts iz
.oﬂ' LAYy 4y .. di (1c4)

At 48 & X :

VU THU4Y =W CONSTANT, {105}

vialch eixply states the fact that the work don~ by k. extersal forces rust
te either stored ir the fors of «iuetic or potential en:rgy or cissipated,
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6. FRACTICAL EXPRESSION OF THE INERTIAL FORMUL*".

Not all .f the Iforegoing equations are needed in the ~omputational phase
¢l Investigating the clastic deformations of a vehicle irn rlignt, but those
that are esseuntial for this purpose (in Sections 3 and k', so far having bee-w
only ratner <hg ractly expressed, need to be presentcd ir terms that are
suiiac ~ 'Oor practlcel use. Among thesc czsential ecuutions are (83), (54),
{(s8). (59}, =-2 (€0), and they are full of partial derivatives of é,;* (or
its corponnuid) with respect to the generalized coordinates. For the purpnse
of computation, these pertial derivatives need tc be expresse? ‘in detoil., For
conveniznce, the subscripts ( and 4 ave temporarily dronpei. and the basic
noticus of equations (1; thru {1J} arc developed and zxtended.

It us introduce the vectors h, » I“,s( » Al Tk havinr .0 do with the
linear and angular velocities of the ~w“doord{nate system relai ‘e to the y«

system and defined as followvs:

Fo:' &5‘5 Ir%: = Jy b (2n6)

oq .
T’ik =§$& -.:Irg‘r:u?rh: - (107)
R, =T @-$8)+ TG 3) + T3 (50 40) (108)
Sy = 3T (33-§54) + Va5 ) +T; (-3 (o)

-R,und-g' are the partial linear velocities with respect to q° and Q¥ of the
origin of the J7 coordinute system relstive to the J, system, Z_and
TX(ore the partial angular velocities with respect to of and qkof the J1
cooréinate tystep relative to the J _system.

There should be no particular difficulty in regard to the linear velo-
cities, bdut some discussion of the angular velccities s definitecly needed.
First, let us note that

S
Jr 'Js’ = srs" | Whenrzs
= O when ¥i#g

Then s o = T 8
-A—q-o(\‘r ‘3,5)9' \‘r'%“'ss'da: oO. (110)



——4

Also, lec =15 denote the componenis in the J.- gsysten cf OC 2d o(Krespec-

tively as Q<:f‘ and O(."'Z,The'n, frem (107) and (110),

\
) - 17 -y INTYCA
M’;‘ = Js° = -“Jz'.‘sv‘!%
¢ 5
— -~/ - s
R et

=T = -
and likewise, {rom (109),
Xa=Tf -.gé;ei’;-gé
a'g:I:.gi =-5 - & ?
AT 4= T %

These equations enabdble us to write

J

- * Y4 ’P
'5(° =J,0¢p and W = §§ Xy
and to show that

R, xJr = gé ad Ry vy = gé

[~

{1}
f1.2)
(113) b

(11h) 1

In further anticipation of terms to arise in the equations of motion, we
derive from (111), (112), (113), and (114) the following relations:

o BN

» e
= SR —Xg X (15)
; By symmetry, this can be extended and generalized to

> -— U a—

TR - ) = o R (116)
g

-

¥
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From 4113) and {114), 1t fs reaiily dund that

= Tr e + o

_—-7 - J—
= dv %?‘%0 + R xR, . (117)
Fliwiteoion of -&o" -O-(K hetweer (116) and (117) results in
Ro - 17 W%
%c_"‘ = dr 3q° (118)

po . P 4 :
Likewise, %%n =35 %%‘Ko : (119)

and substitution from (118) eni (112) tato (115) rasults in i

Wy _ Ry —
, The derivetion of {115) taru (120) was of such generality that, in any &
of .them, the surTix zero could be replaced by = letter. In the physical :
realm, this means that the relations expresced Ly these equations are 11-
csble between degrees of freedom involving only umall motions (type (3)) as :
weli as between the large motions of type (2) and the motions of iype 3). b
rr V'l 4 %
In accordance vith (8), %ﬂ- = O , but %‘— pay or may not be

iem. 1»~t us introduce

- B
_ o’:r = %:':" (121)

Then, sinc:_ -/ Iy
N2 eV
?;\1= .-\;’i‘:'&ox.\,w'
=Rg kI (122)

ard §k= M a!;"a-%i "

- Ar (’K"’\'-&\( R \SY'\I’V

(2]

= &,K ""a\\ K“-\—;, | (123)

-28-



o + RIS, (aze)

= ha 57 4m 25T 1259
hir & 4 5 var
Ict s iptroduce the two assuxptions

" L
%?:o and %?‘.0:\4 =) (126)
ard find exoredaions “ar tha scanmd mertial derisatives of § with respert
to the g-reralized coordinates. It caa be found without ek troudle
that, under thess Assuzptions,

(e - & —— =\ A
- = + R, R (R & P RY) (x27)
e - B Eo
Rz - T, X (F AR x T} + $he & i%\:‘o v T ,(128)

L - — po— — - \ = —
33. — = T AT AR Te 4T % (K 1T +%»xw.(xz9)
The firat izpovtant question that rises nov is, hov do ve equate |

vith (125)¢ 1In answer, let us observs taat (125) xs 2he Renersl fore of

expression for § /&q" ;. that tbc'q”g;g &ra given s nosaivla Or tente-

tive valiss of YLk /A% *, axet that, therefor . theﬁ‘i{ «ill be 3iven

in the sase forz as (125). Thus, let the given sincar valocity

of the center of mess of section { begx,:_ ; an2 lel {ts given mgulsr velo-
- city bez;-\ . Then

QAuik = Fri+ Tap + Fui # ik (130)
and substisnticn trom this into { 40 ) results &n

%;!—:‘:L = 5;.“ +3:g* 4+ E(LY\-'UL‘\f /!r,\ * ?\.Q*‘ T
= Fue + Tt by 2B+ ™) + Teh+ Bo w5304

= hai +Tgeg » &by (xm)

-25-
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W T Fa rl & I’."‘&. (L2

ra T = Bt b (139)

« & ==7 consider the pre.c’.hal probles of sil.ing (»3; for tu.
« ke use of J: + .4 o7 @4 ana of Eg.o..on (130), the firet
vers -+ (L) Secoses g

Wb
;.;i M Fax Gk

2 - mp——
L Mg (Bt 0R) X (Fas v G+ Bee ¥ Tt

-'s\

= 'ﬁ;[ma’é Xﬁ_'xir—écxi\__‘m-% A

.
o

3

- b — -— P,
+ & \(EKL X?:_.im\{ ’Uu\) — Fr X% z_' m\‘k-ﬁd\

& — — ——
+ % me4 Vi ((0’[;_{,_-{-3;-\% -\"-'k)] . (13)

from (2), (24), and (121), the *ollowing results are odtayned

2 = . & st
g'n’hi-\hl\= 4 Elm“\\'"'{‘ =0 ) (135)
b, =T P
h‘m‘&(!:‘{ = Jdre g s U;q‘
R - ;YM vig=o.  u®

This :iizinates three terss of {13%), and Its figel taro is transforzed as
follovs

Py
Em;{ ﬁl‘\ * (Ev.\ 7‘T;““l

= E i B (T ) = Vi, T

(TR

‘ﬂmm.
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— =7 ,t /t rd ls
- Jl' W 4- Im {2 ( ‘Srs \c\ AN NEA Y kT "\ L'Vf\ RS L‘&)
=i B Higl (:37)
’ S PPN
Wi \u-sg, (‘:m A(SYSU ol -\J l *\)L*;s ‘\JL‘Q\ ‘U?B)

' ’ ‘ P
Tue H,gi{ are easily cesn to be the rmiments anu the aegatives of Che

products of inertis of mecsleoi L about 1ts owr wxes

For convenlence in treating the remaining teims ol /13~,, we introduce

the rermutaticn symbol (pqe = U if ™o suffixes ore the sevue

=1 1if (rst} is an even penrutating of (123)

= . i {rot) is an odd perrutation

of (123),

the even permutations of (127) being (123», (251), and (212), and the odd

permutations being {3°1), (..d), and (132 Thus

I\r ";"s = Crge Ic

?:.‘ML&X 5&{ = Cr'st TL g'm‘: Q: a,s‘(b ,

and ; ﬂ‘\g{\ ﬁ\.k x “\ c\’tt ‘S.Q,,g, /\"‘., )

vhere '" ;‘"\L& -U 0'- IS

Substitution rmm (135) shru (1k1) into ( 13&)
results in

¥ P — ; ) ry
2 2,'“.‘.& YiarBwit= § (Crae e 07 e
+ C'rit:,”z‘ .A-*\ “"S’r\ B“L H\’"')
= 3§ (GO 45, +Cow @RATE

t\
+ es; \"\:u. B’

-31-
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(139)

(1s0)

(141)

(1u2)

(143)

B



T ozeoord com o8 (L) (s

r'\d\ ;‘J\’\(ﬂ‘ X ?Ll\\

“' b W.{, va t‘\ g- 8\3 2«&(1»« af L)l

|l.-

“T
v"i‘/])

a4

=7, Li §| g“md\ (6»5 j—f{ '04‘:{— g,"}\ ,:r:‘.\

= ‘Tv'(’:].,.s ; (244}
vhere
[

;; Mt (Ges ?f*'c‘f:“?:‘“)
B £ M (600t r S vit)(ot+ e VY

~(et+ ey \Jic) oty ety 4\}
—?-:/ m‘&(g“(e*eh-'\:.ku.g) (sroiveliel, vizuy)
= F [mits, ot 0%~ or of)

e el EMut (s vl vii- Vi Vi)
£ In(s, otot-oiolveles Hiwd. (i)
T 1,. ere toe mooents and the negatives of the products of fnertia of

the vehicle about {ts axes.

Tne third term of (43) contains
) - L3 L - . _ s \
é{._lmd\ Qs = ‘{_'Elm\{\ (arm-t- Tog v B v Tk
.
= ?:-, Me 3:&;

=7, i’m Fee (146)
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Me > by o)« MITg(GeFe) - Fel BT )
=M L (Brs e - gt us) | (ry
Subetivition from (143) thru (147) inw, (43) results 1n

T & - t. T -t
L8 Cremesf gl v Coaa @l A7 4 o Wi, 8%0)

T 45,1, - Fonde ‘i:m; #e

ST EmGeytyt- gt 0 (1:8)
r:::irr\g:at 3,12 .3‘= C'.“ T\- 3,: ’ ve ¢an pat this in

(ro-magl - g1 43 = Cre 9t £ oyt
- .i; (Cramiot i + CGueel Abs+ af Wi B L ey

Let H: = ?: m‘_ﬁ; (150)
amd (% = “wu&f F o (s1)
then {15G) becomes

{Irs‘m (SPSJ‘; x‘z - ?’:?’:))1’: = Crst ?': Ht
y " . -
=Chee i~ :.'((ﬂu enA G+ e Wi B e ) ; (252)

vhich cén be solved for the ,‘: by femiliar technigues. With the aid of
(81), (146), (150), and toe fact that ya Y- T,g;,,“ i J‘:- , it
iz casily seen that K

Ck= Crse ye L - HL . (152)
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e

e

¢ mopn

T w

. LI
Suo B0V

=Tl v en (00h » Tau BIT VI,

or
b

r v L4 LR =,
O."Ne\ = Fei ¥ esc(d‘,(_s;\ + Coen Bl ™ e\y (1)
Sizilarly (40} ts <ransforzed to
T, e 2 3,00 4+ 3« T, BE ff# + Tl
= ‘J_F(er\\c\ + Crse 5% %L + C—‘;)
or ,
= * + r
N AT
.5 P L
tey; ( et Csen Bxc v L‘k\ .55y

We nod turn oJr atiention to ‘he evaluation of the [ ., ¢
defined tr (53). 4

N ; “ p
g'i“"m‘l‘ y’g‘ g:;k = El Jiu\m““ :& [c§+ CSml':')' ?l»u&

A ’t P <+
g+ L (070 * G 850 VL)) e

P 1

ey ey




s
g ! (x5 )

¢! mﬁﬁ'i\csw.'z'd v"-“s— Cstu‘(’:(‘av-’ (158)
. A
ere Oy = 2‘.& Wik 572 fon
el o] ! y
=8ty /2 - lru; {159)

() »
; %‘l\m‘a i ﬁa = ?;‘ wm,of 33’&5 (160
v P
=1 ) WMalolreivi) el oy
- & v £3 —_t
=L e*;&(g‘mv{\\)d\ RYPN
J /uf
Z ev.\ eg., Ny W 161)

/'IF

z s ‘,“EQLLt‘LV BJ\ S4

g

= Ltuv Z e“. i< 4‘ \."g\ (G‘ 4- ( w’x&)nl‘;‘.

N
= Couw Z;u enBii ‘;‘. MGvi (162)




E

= P - ~ 7Y
e '?/ga‘/, = ‘/: "Mo4 v (f U A
"

{153

Iy 1 /n \
- opv Hgg—:/a - L-:ﬂ‘VL

estitlzion froe (L57) thrmu {L62) {ntl {1%6) res uts s

e‘ a3 r S s t
Lymub - = C) 4 Cop Fry & @
& g' . 3"‘"5'%;“ m:j’c R G 7y Bru ()
- sut n - . }
+ i‘ fmolgt rer e A + Cuvelien A I;,,m],
Froo tis, sattiry § equel w0 o~ {ard surmlng over 4,

u P L oas, 8B
LEMa gt L) e, S

= \'Y\‘i-r(:; +Crm/6'; LCTN

S » v d r sul -~ or v ’“f"/ M
2“‘_‘“&&& a’;i‘\'eu\ex_{[\és v lpasr \/g,.e:\)\ /9,/& fV&J

. u RS
= Y‘h%c C:+ ):'(h\‘e‘{ ﬁ"]rf + JXJL)) (165)
since GH‘= Gur ; e:; e{‘- = th; and
/—3/‘11". ’/“;fi.

Prsj 1c nov obtained by substitution frox (164) and (165) into (53)-

NI LU L kA L ot es o




PG L U Sl el B L R R

A tt [
Py = BrsTigt GrEmeot 48 + A= Myr O

s v
23{4' € o ‘/\‘J‘-

S

“Coun € €p Byt [7w )
= m(s.s;y: CG~giCH) ~ CacubjBmn
rEIm £ s =0k ¥ bus Afi- el el A
- Ceuw @ @4 BiGavc ]
= M(8rs €5 - F2C5) - Couu L5 6ra

. 3 - v L. B X3
+5s Ly - 17+ [eh el (Beu i - Ad)

= Chue e’“ e“ BJ.. F v ] (166)
P m
v M= ?:-.t:‘ o TR 60n ) (267)
and substitute from (195) into (60).
Ther, sfter simpil S . making use of (22), (23), (25), (145), (13€),

(1383, (12), (1&5), (150), (‘.51), and {259), the rreult is obtasned tha+
Ky = MG Cht Cona (] AL~ Cutf) 4]
F v b B Tes 4 Ci MY~ Cr H

+Crse (4] Fy - 4y L‘;) + z:ﬂm. a";u ?’;'
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- < st , ,w ¢ w L5t
thrse (67 €0 N+ by E‘. ey A ;\\r
o <

-5t

Cosed (BN G 80N

N ~
,r r .2 . - v .t
1 A 2;, ee. 8 see T A :V_” €5 A

e
ve ! “51’.\

o

~ 3
G Bui HWise (268)

+

AN

Tis equetion (s corfirred by writing out 87 exjressio~ for *he «ireilr enerpy,
T and zaxing use of {712).

Te provide xre cuxpact notation, lev

& *
D= g,muﬁj\ ﬁ’:‘ ) 169)

tw
v .
Av = Con i; ern Nxe (110)
L, v st e aeSt
Ay = Crﬂ&(ﬁp FIONE - ot A;\ 1 (171)
) st -
N; ‘-§, e:isﬁi H‘“; and (172)

Hyx =Z:1 5::.51: His (173)
Then M,k = MICCi+ Cree (CIA5+Ch L3V YUE
F 44 5 g v CY Mg +C% W]
b (Cee Be + A+ N'.Z‘)
+ By (C,,“_L‘: + A: + N‘;}

+hj rQjr ¥ Wik + Lix om)

B v AR SER P R e ag




15 tne suoserist @ ia (120) 1s replaced by L and the resvlt a,plizd to
{i00), te mayn Yo demo, u:“‘ud that interchanging K and L does rot rrange the
valua c“ (129 }, whioi is ag it should be. ‘1%is "symmeiry" cof (129) depends
n the vetention o tne last term; but a&n/ﬁ L . which f. n facior in ;
Lhe lant term, 1 aifTficult to obtain‘and i 311. to ve spall: =herefore, a ;
means of dro..dng 1% sul wlthout destroving the syrmetry of t»» < uation le
sought, Thi. 1s nccomplished hy & simple sveresing, as fo. . ows:

T - . 6:1-' X Lo ‘
'3;3.?5; ) 3.‘,?;“ i %(&&L T %’E\?} (175)

”~,
—

Ry & do +X | R T+ -‘{!Lak X (aux-{’) i —é\\-’“(‘é“-‘ krﬁ)]

=X X G AR AT~ (T T T + @R DR RTR

Employing {125) and (175) in (59) results ir

. N P - . _ . . _ _

KL= L gmx(;\ji + Ce + &y v Tie) - { Ry » FarSur e (176)

%: [} } y

L T R A R A LR C IR ﬁ‘-"\)a\(i]} L
% 1f this 1s now expanded, the result is

Y s 3 PY 3% y} S orsS
KL,) - Z_[C\,“_\Oﬁ SL" +°g\l Su‘l) ‘“Oﬂ.'_i QJ\'.

"“5 *
/"S

- r .S
¥here ki —Z M G eie (278)

AR IR S MR M £ B

s

S B

(33 £ - ”~
y@’.sc =¥ M S..su{z (f}{.ct" ‘u:i 03:.:)
<

gy B

+t +3
= §. N - Ny, (279)

o

s
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, 7S [ Y ,t’ - - -~ /
#nd C,J,; 2 O‘{)k(‘-—sw Rui ‘\‘(,w{.u.lg...()
— 7@5‘5_?3.. }‘ (150

¥ . oS
i1 we note that gJK‘- * 0 when | ardfor K cauni zero &na that f ju O
when §i® fo) , then it follews frem (L77) tuat y

o] -~ -7 -5t ,? sry oS
oK | :i {Cl-st oL Snji I ol Pki Tk
i
/V - 'Vs .
o Ko A (a8

y -r ./5 P
and @IF Y Koioot A5 . (182)

TR g R AT SR R AR g e

¥
3
¥
4

b
b
&
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7- FPRACTICAL EXPRESSICN Or' THE AENMODYNAMIC FORMULAS

The aeruiynaxic forces, being extcrnal. arce accounted for' by the use of
Equation (h’(). In this use of (47), howevzr, only tuose ;‘:.r'aicles lyicg on
the surface of Lhe vehfcle will be involved. In the presest Jormajation, we
huve recourie ts the siwpleat avallalbic asiddjyiacic thzory ‘t‘nt offers suffi-

elent zoo.: wi.y, namely, Newtonlan flow theory. Let | be & unit vector located

at a certain point on the surface, perpendicular t.o the suriace at that po.i.nt,
and poainting cvtward. Thz2 velocity ol that point ie &, an given in (15).

Latting € b» the atmoapherit. danlity, than, according to Noartonian flow theory,

the aerodynamic force ner unit area \r) at the given r.int on tle surface of
the vehicle 1s as’ fcllows:

1. wen R-TF = 0, F=0. (183)
2. vben K- F > 0, F=-ne(R &), (18%)

The scalar Vi- ¥ may be called the "piston speed” of the given point (or
+he dovnwa.sh at that point) and is symbolized byw/y thus, vhen w~>0,
Teu 2, (18s5)

For the purpose c¢f evaluatingé”, it is noted that the first and last terws of
4 as given in (15) are, under normal conditions, much more significant thun
the two middle terms. Dropping these less eignilicant terms results in

r=v (V+4k9Y). (286)

A considerable practical sdventage can be realized if ¢fin (185) 1s replaced
by a linear approximation {or expansion) sbout the elastically undeforwed
configuration. Regarding wr ss a function orq" end ¥ for this purpose, and
using the subscript 0 to dencte the undeformed configuration, we cbtain

‘ﬂf‘# wy + aw'.(ﬁﬁ" +.§-"g aQ%) i (87)

Now ‘Ur,:V'T\)

%’f =V x ) { (188)

(189)
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In applying (7} to the calculation of the genersiized asr igmaz.c foroes,
ve Gre iZfesleu 1O replace ihe sumzevtion over A vith en {rvagrsticn over tao
sarfacs of Luz 1-th section by virtue of the fact that on.y points on the
surface asv iavulived. Let SL be the surface the {-t1 se_tion then

=" i gs‘ %}.’ W wrtds
=¢ il ;i ‘J UV'W)Z
+2V-F(V %%q‘*f—&q“)jdm (190)
wrere §J =W -%%,o . (a1}

The Iolioving development of forwuiss serves to sake this more practical
for nupsrical coeputations

h=Jrn" (132)
~ Lo gr - s
%«’ﬁ '+ %,

25\“ E +Tc‘ %%;‘:‘

- T’ 5 .t ATy
= Tr (gt & Z‘a‘v.) . (193}
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fnrerting this into . 1) una transforaing it in other ways leads to

A

@j = t”;w’ ! g V"”J»— It\_ \(05 \\u\j W on
s @ T (T T S (Cavn o0 %’3\'\«)0\
LT T et E Q] A
v ‘L\:\./‘ \)\(\ _!f "

— CoaphygS L v 3 7 ¢ vt Ci
R R RACA
L ~
»
v Sz
- 20V L e, el (Curr X fs,“ n*& ds
AT s
at» ",u. \ ’
+5:6; 0" S ds) o

;
—2QV"L ey (6 §cs§"

= @ (yrvs AP +2VTV Bk ar +2V e QY e

wher2 A:’.“ - Z

! o~
;“;é:a e (Cuvy oKy (sag.i htn*ds

en eu 3’3L§ ; wintds, (195)

-

6T S 2 ds) (196)

‘ r o - P 3
oo Chom ) ek (80T as sm
Substitution froam (125) into (191) results in
gje.'\'{-('\'\j x & + K % O)
I.' 4 .
=\ (eﬁh‘} +0{*+ Cong & ;,’U'%) ) (196)
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P o ad (e fatrodused Lo o Yattasion on tho o ddenth it of
this “aseniopioo) dhat Al Ahmet Coscot are Cireatat o tlhoert Mwactosd oo
{ehot 2o, “Iocuing) aonzles Lol tlwt LT osuch nomzles o syhowebede vith
reune.. . i axis {or Mre) of tinusl. e ording uch thrust vectedirs
YA o Lid tat movedble sirvuctnsal) rection tdentiliavta v o suvserind
1, ve pluce therefn 2 triad of unit vectors J', with 3{1 poi il .z Ia the
divestior of Lhe thrust and coinciding with the line of thrusi. lecous:
o the syiumitrr of the nozzle, its coutesr of wes vill iie ... vhe thrust xis
and the usual conditica thot the ucigin of the ;fx.'i Lriad e at the corter of
nass of the scotion ot lw ecimnlied -rith.

~
‘

o = . = --‘& .
At the center of masc of u scetion, r‘ 39 3“’
Representation of the thrust force at tiiz {-th nozzlc =5 J'i, . and substitu-
wion into (47) results in the Totloving expresifon Tor the ;jenéralized forens
associated rith the thrust forces:

®; = PR - e h

[T .
- f BT -

3
- Ay T
- § enu T,
E being the musber of thrust vectoring nozsles {or "engires").

k As bas already been indicated in {7), the ¢., are functions of qv and the
9 . The correct inclusion of the demendence of % e”. on the q" vould be the
Yest nrocedure and would cnable the nrogram to reveall%hc interaction between,
thrust and elastic deformnticn even to the point of detecting instebilities 4+
any existed. [lowever, doing this would Lipose considerable sdditional

difficulty and go beyond the scope of the program; therefore, tha dependence

of the e, on theq¥ w111 be dlsregaded he.2. On tae otber hand, their

denendence on q‘ mist be and 15 included as shown in the following section.

bk




9, DIZECTION COSINEG CT NICVARLE STIRUCTURAL SECTIOH

In additizn to thrust vectoring .aozzles, there are sucl movuble structural
sectious as contecl surfaces of various types. For the <ake of simplicity it
is assumed that the large motions of all control aurflace: conslist of nothing
aors than a rotatlon about a fixed axis. It i1s convenient to place tne Jii
veclon o1 such e section parallel to, but not necesrs . .ily on, this axis
of rozation. Doing this makes it possible to emsloy Buleri .n angles to define
the vl *aaon of beth thrust vectoring nozzies and control surfaces.

“hese wagles are shown in Pigure 1 and Cefined ac follovs.

Q.- angl  of -otatic» ol the plane ani a%is of swive! about the
v! oxis (31)'

>\.;.- angle .f swivei of noz:le (or the J'L‘ vect.r) ahout an axis
('(3) perpendicular to ?':'i snd making anh zngle d"i with Jo.
8= angle of rotation of 351 and .3':‘31 about J"n.

By familiar processes of vector anelysis and classical mechanica, it is know:
that the directilor cosines relating the J‘z'_i vectors to the J, ventors are the

following e;,_:
€= cos\; 7
(® -sinld; cos S

ey =nAptagy

e,“-,- cos@; sin AL

&}~ cond( cosA; cos§; - ain@,; 82n8¢ > - . (200)
Y —cos" cosA { 81ng; - sin g cos §;

%= sinf;staAi "
e:r sin ¢;coa Aicos§; + cm;’; sin& ¢

€l ~ctndi cos){sinbi+ cosdconbi

Tt 1s understood that §;, Ai, and S are functions of P as determined by euto-
pilot or flight programmer commands.

.-3;5-
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FLANKE OF SwiVEL

3 {
~

SWIVEL AXDD

HOTE:
21Ty AND Ty ARE 1 | ROTATE ABOUT AND ARZ L TO 7,

NI AT ARE G KT .0 a3IT AND ARE L ToTy
€133 AND F{ ARE 1 L ROVATE AROUT AND ARE & TO 7,

Figure 3. Orientation Angles of Mavabio Sections
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L... FORMULAS FCR THE STRUCTURAL LOADS

The ahear forco ‘S at A specified location or. the ve'dcle ia Lhe nego-
~ive of the sum of the internal forces e¢xerted by all “n. particler of
the vrhicle on the particles located on one side of the chosen shear ;lenc.
For tuz sane of economy, the side of the shear plane - -iected for this
pwrpor s +211 = the side on which the smaller numbe: of particles is fuuud.
Tnil . ‘wwudly be the side away from (or lying outboard of) the center
of mass. Let the absence of spacific designati-~n as to vwhich particles
und sections ore included in a summation be vaderstood to mean summaticn
nver the surticles nn the chogen nile of the shear plsna. Ien, with the

ald of (4},

v P — e
TERLL Rt LY (R ma 434)

,=... %’.;ﬁr-};zm;{iﬁ*u : (201)

Except for the number of particles included in the summation, the last
term of (201) is the same as the right side of (27). A practical syxset-
ric expression for Q% is given in (175). This can be used in

|

{27), which in turn is to be used in (201).

The bending moment }{ at the spscified location is the negative of
the sum of the moments albout a point in the shear plane due to the
internal forces exerted dy all the icles of the vehicle on the

particles located on one side of tha shear plane. In like manner to
that employed in determining 5 , it 18 found that

> -i\i‘;(‘}b&;?) i Z Foa,
"L (o) (Foamman <)

S LT FeanFie- L g me ot » 40

._g.'x?. (202)
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Fxeapt Tor the cotent of the -ummntion, the next to the las* tlerr of
(200 Ln oenotne riwut siac 20 {00Y, which can be used o sxpand this
ters tor ypractical use,

5= 35, and M= JuoMy {203)

The ¢e.uwi numerical yuantities to be corpuled are che components S,.

of § ana Myof . It is sesuwed for th. .urposes of this prosram

thnt uite selected shear plene will Ye perpendicuiar to one of the \§
wectorus  The choice of the rhear Dplens vill aftanrl th: internretation
of the results G, ani M!‘ (v= \,2 3) . VA= svmrpie, if the shear
plane is perpenalcular to ‘{_ , then 'g is the Lomponde’. of the shear
force in the direction of th¥ y3? azts)® S$, 19 the she:r Torce in the
direction of the 4Y' axis, 53 4is the normel force (oeing verpendicular
to the shear plane), M g 1e the dending moment auut an axis parallel
to 4? ,.M  is the bending moment about an axis parallel tu ~af ,

and Mlis the torque.

It is a prerequisite to (27) that the sum of the internal forces exerted
by and on all the particles of the vehicle equals zero. It is likewise
prerequisite to (28) that the sum of the moments about sny point in

the vehicle due to the internal forces exerted by and oo all the particles
of the vehicle equals zero. These facts are deduced from Newtoa's third
lav of motion; and 1t follows from these and the definitions of 5 and N,
leading to (201) and (202), that determining S and M Wy summing over the
opposite side of the shear plane should change their signs tat not their
magnitudes.

It has been noted in Sectiou 3 that (27) and (28) are not satisfied in
the SLP becauss of the assumption that the elastic deformations and fuel
~sloshing motions have & negligible effect on the large motions of the
wvehicle and on F and G. FMurthermore, the serofynamic theory employed
bere (Newtonian flow) is different from tha® emplayed in the SDF program.,
This difference between the two programs further jeopardizes the agree-
ment batween them as to ¥ and T and, bence, the satisfaction or (27)

and (28) 4n the STP; tharefore, it canr~* be expacted that susaing over
thes opposite side of the shear plana will satisfy the thecrectical require-
ment of changing only the signs of 3 and M. This representec a failure to
satisfy Newton's third law of motion and naxy prove to dbe a rerious defect

in the program.
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1o INCIUSION OF FUZL SLOSHING EZFECTS

Toe oesic for=ulations for fuel sloshing 8s OUthined r~oz availsble
literature rzre prasented in Appendsix I. Bere the concern is hov o lucor-
poraze the eff=~ts of fuel sioshing in tke Structural iweds Progrec.

Wiza1in esch tepk, thers are two directioas of siosaing, desigdnatec
sonewnn L “emly as longitudisal aod iaterai. Wr chuore ine letter U
43 an indicator of tho sloshing diraciion, lot;.tudival slodbinj; baing
najcated by tetting Ut , and lateral =lczhing bedng indicated by
wetting ure o

Yor esch slosting directiun, there &re tvo 1aL6l..c s/ ™\ing woldes.
Toe letter S s the mode indicator; the first =cde teiny indi.nied by
letting 531 , &nd the zecond zode .aing indicated by lettiny s 2 .

Since there &re .vo sloshing adirectichs and twe possible modes for
each dfrection, thers are four possibie tlosning dsgrees of frewdnw for
esch tant. The rusber of the {ank is cqsignated by the lotter i, snd the
Segree of freedos is designsted by k. The following formule is used %o
doterzine W in terms of 1, U, andS-*

K= 4(s-1) +u s+ 2&(sn),

The folloving tcbulation illustrates these relations.

v 1 2 3
) -4 I 2 1

a\eea|a|a\e
ViR |214v S22 ({8 o o] ujrw

X (£

‘The progras allove for & maxizus of ten tanks; therafore, the largast
possibls value of N for 2 fusl sloshing mo'e is ¥0. Ths nustec of the
slastic degrees of froedia for structwral deformetion, coatrol surface
wotaticn, and co forth, starts vith Al and procesds to s maxiwuw of 57,
giving a porsibility of 17 "structural” degrees of freedox.

The greatest ; oblea thot arises in conoection with tho effectc of
fuel elos: in the Structursl Loads ngpu' is the corputation uf the
teras Hrgs ?133), A'ed (152), ena 6,7 (178},

In Appendix I, forwulas are given for the effectivs momasts of
inertia of the fusl anout ten) axes for rectangular and cyiindrical
tanks. The equivaience betvesn these and tie Hiy is as follovs, the
sdbscript F denoting fusl:

-A9-
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N s J TR O 5 !
Foazr * O way "1 ty $ for 8 restanc.l . ik,

ol ‘er "XFZ I Aewas
-, © when vrs /i
Ry, = Ten -0 h]

4 E ! “o* a borizomial

B
Hoea, » JR- ] { cylindric . tank.
H’r)h c Tew » IV;ILI/I;’ (x6)
Hersi 2 0 whan S
’ ’
“'ru. cJpu o e 3 tor & vartical
Heze « Jeas r mza cylindrical teank.
Hras. «J'%esi = o ¢
’ {07
HWirrsi 20 when r g
ALl Hoyp, O for o spherical tan. (208)

In rectangular tanki.and for loogitudinil sloshing in borizontal
cylirdricsl .anxs, & spring-zess mechanteal AnAlozy is used. Rach oass
in this eralogy bas =otion in cas, anéd only cne, ds;wee of frecdos;
therafore, it can be iéentified Dy the subsaTipt «, in Accoidance vith
equntion (204). Likevise, the location of my is givin by the coordinatas
XawsYn » a0d Z .. Iz tha case Of long{tudizal oseillaticns, X w-q* and
Yo ©; for lateral sscilistions, Xy+0 xnd Y= *Q™ ; in either zase,
2,58 sizply 2, , 2 constant.

ses ses
For the purpoes of evalusting the {\a( ana the S, ; it is pecewysary
to rslate tha =assed and coordinetes Just discusees uith those apperr ing

in {i42) ead {178). Aa inspection of {20%) quickly disclozes that the
particular esss perticle vitdin tank V «s ideatifiesd by

Reue 2ls), (209)
0 tiat

K- 4o h (20}

Nitk this relation between the subscripis 1, h , and k estadlimbed, it
ie clear that

Mh = my (1)

. wWhew g

U:‘)\ b TN q“ when u.\} (212)
°
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2
VS Y- ¢ owihwa 4-‘}

qc whew u 2] (a1s)
3
Ly z. - ceagtant o
.
Feem 00 L 0 r;./dq' (215)

Making proper applications nsv results in the :ursulas

i .
0‘.& "\“(..,/Cq. : ] whevy usg ”
.+ 0 wrer 2 (a$)

. .
Sk O Adg" - ¢ whev amn
/7 L owhew w2 ) (217)

b Iy x oo
Tum 02,347 *0 (a8

Suszerizing {212} thru (213) tesalts in

v
Vi * q* when \r-u} rr3
x o0 when veu {219)
=&, whewn rvi3 (220
et
6nh when L ru

{
: 6 otherwtse (e21)

Substivution fros {211}, (219), (220), anA (221) iate (142) sua
letting the unvmowrn q‘-o for this purpose results in

e
A.‘ ‘. Z, when vr3 and Lt
« O otnerwise (222)

8izflsr substisviion into (178) resulzs in

risd
5. Mo when risau
cnmd o %

« o otuerwise (223)

The reader is reainded thac (222) snd (223) are spplicable oaly to
rectaagulas tanks #nd to mituﬁm sloshing in borizontel cylindricsl
tanxs. For oitar tanks, the ALY are ansumed to be non-existent, snd
ke 8700 m more o3 loss ck‘cum'-nvd by sxriving et the &, (wvaich

equal ; 5 v ) by anothes process.
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The fo-.ulstlon presented an Appendix I for lateral oz.illations in
horiconts! cyliadrica} tancgs, for vertical 2ylindrical iauks, and *or
spherleal tanks lead .0 espressions for the kinetic ».é potential enucgies
of fuel slosulng ratlar than a sgpring-rmass veccanicr’ analugy. Once these
exvr=aaions for the rinetir euergy are exteaded tc #: caunt for the other
& *roma of the vehicle as well 13 tne sgloshing oF the fuel, they coa te
used s~ = {72} to oburain expresiicns for the ccotribution of the fuel

1o Ve My

To  1ateral slosning In & borizicnuel cyliundcical teny we affix .he
cubseript ¢+ to T, Me, © , and @« und wvaxe the following wudstitutions
in the fiual equation given in Appendix I for tae kinetic epergy

&' st 3
2 R
Ans' A‘- (22‘)

Bsus - Bu
E\f“"’]' .Ah

Saey

In sddition to thls, we iatroducs s transiorsatlon of coordfipates. Let

f.'4-(.-\)~u., (225}
then (205) can be expreesed
"'6‘ ¢e(s-|\, (206)
and ve let
> " P (s~ )
¥ 529 (221)
Tnis results {n
a2 e h .?.eu-n\i
T, ENL (v Y. ga bRy Z. {4 !
' e buRA VA E Buqfit) (2%8)
Differentiation of 1. results in
B - 2o b R (A /AN g
(229)

re e. Q‘s fl\h R‘-u ‘U.'GB-»‘
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o
DL e e kuRE AL /A

dq TR oq TG0 [N
Xy @ q 2 [N
S rae— =20 B R B -
Og-uq ™" -
3 cer.gc:r.g “structural® {that 13, non- -fuel slpsni qegree of frced.::,
and 0% W, being de xustradly equal to 1..3 vy (62) 12}
E a

rzcognitica that here o, 202 equu, zavc.

Frcz (230), for the case in whieh J ama % *# ~ - 1211 1 slosaing
in & horlizontal cylindrical %67k, we dgfine

Uy v a2e, a, Lmqm As./)\‘l
when J""j"”e‘s‘
S0 when jrk (z32)

From {231}, for the case in vhich W denotes lateral sloshing in & ¢iri-
zoutal cylindrical tank, we defins

, 2
Wi, & (" Qa:-QIm Ru‘Bs\ (233)

Fc.' sloshing in a spherical tank, we affix the sutscript ¢ to
T M,, ;& , and R and zake the following substitutions in th. final
equation given in Appesdix I for the kinetic energy:

g U e ae2d
Ty ¢« Cg
D - Dy, (234)
[Vlsn }a < A%,
In addition to this, ve use (225) and (226) again and introduce the
folloving iransforzation of coordinates:
A LTI o Poralz-n)
% B (235)
Tais results in
wn «ay®
T L Mel” )*Hrea RIL, S—(at ")
(23%)

tmeal RIvTE b, “"““

-53-




Difisrentintiva ol T\ results in

] 3 C
TEesy - W (?'\Q-; Ry - -
Alsi -
- > r~."‘ . Ag - ("37)
+ 1-{ e‘ C.l.‘ ~ U ‘_)s‘

A v

. tvauy\

— 2 % .. / :
.r_g_‘_j__y e QA R \vs\/ ) N '
OC( PR X bzq;\va(.s-«\ R
a
o1
dél Jéc" ,r. r & (1)
g @encting e structurel degree of freecom.

ES
< -

3 3 . \
- 'ﬁe-‘q-; Ri Dt Q ) IR

¥ RAY )

From {33}, fus %hc case in vhich j &nd k denote eloshing in a
spherical tank, we define

3 ¢
u:". - “e‘ Qa: p‘." C's'( /AS\
when :), R e da (-] (5'\)
= 0 when jtk (210)

From (239), for the :suse in whisch & denotes sloshing in a spherical
tank, we define

miy * e al R} Dg (2b1)

Making use of the M’y from either (233) or (241l), we compute for
a aspharical. tank or for lateral sloshing in a horizontal cylindrical tanxk

t .
t ’ b ’
The equivalence of this to (231) or (239) should be noted.

Por gluehing in a vertical cylinarical tank, we note Irow the
givea equation for T in Appendix I that

o'T

oy "

[ 9
Now ¢ and 1—' neeld to be related to the coordinates for measuroment of
the structural deflections and the sloshing of the fluid in order to
determine expressions for the M jy. FPor this purpose, we employ Equation
(2-16). from Raference (7). Putting this equation into the terms that
are appropriate to the present purpose results in

Mee . (243)
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Japoa

S ’

. 9—1 52-3- zulb
M T Tan Ga (2ub)
In deterzining the partial derivatives cof {2L4). v~ aistinguish
oetwaen  srructural” end "fusl slush™ degrees of free' - as befcre.
Thus, iv. stractural degrees Of freedos (assusing U -2 , tant is, that
tw oo - is fnthe {,, £ plens).

L2

aq [ ¢’ ‘}
3 < - X2 ™ —t . oK i
d‘:}:' T ' i
. . 1
ot wha 3 s veplaced by o v (255)
a9 ‘
PR N
)
3, )
Por fael sloseing dagrees :t freedos
O oy re, 2 S 3
aq R dq Z1s~y) i
3
aq?.au-) ©H (42}
> 3
g s when 543 s re?lactA oy aue(s-s\
aq r.ats--\
The folloving subztitutions are also zade’
. P "
My s Mel Mt Uy y My, =000y, 2 (s-0)
v 3" 4
Wiy J 2oy May TG, Wig s T AL Vg2 (S
Wiss © Luut ) Mg,aer = A2, -2 (s-1)y
WMeases » Wipaats-), e () (247)
Finally, substituticn froo {045). {24€), ead (247} Sato {2%%] resalts in
. TV A%, PEFT I
M)K M ‘Qe- Ny daha 0y &&\\"I,.
’ 1 I3 \ v r <
v T ot 4 Ban e i " foh
” 1
tae, e vy, (248)
. r » "
M,, g;..é(s--) ~aun, e Lsn\la,h‘,; + Uz gera tend oG,
sl peate) Py, (242)
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eor Ali sa02bA . {0 spzer: 1l snd Jerticel cylini-i.al teaks, and
isvera. ssvaning in horizoptzol tanks, inere iz no & aeazic salancing.
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‘<, POINT OF ROTATION AND DYRAMIC BALANCING ()
TCERTAD TP TP vu‘xmu SCTICAS

¥ithin avery mection is o potint (with seclicnes poition verm -
(- avn vahicle position vecios 9\, woizkh xay or may .3 colnctide with tae
ceutes Of 2822 Of the sectior. Since 3; is the vealcly rovition vel.
oF X4 mer of zase of ssctics o

oo &g (252
Fhe point 4,18 tmd in ths pbysical saterial of I*: ot and zoves
with it nnd 42 it zove.. Thug, it miy correspond with .. perticle of

the sectioan.

If tas ssctfoun 1% “"mov€oiz”, that is, has motion of %ype (), then
Pis = poinl ol rotation Of the sectlon - = poiat in <he sactics that
2048 not wove reiztive to the ruhicle but alout vhich the asction rotates
in a type (2) sotion. If the caction rotactes ubout & fixed axis, P
iles scoewhere on this axis.

A3 for zetions of typs (3), the unbalan=sd ootion .f f+ relztive to
tte vzhicle coordinatae is given prior to thet of any cther point in the
section, if tbe degree cf fresénm efurms the section; ead if the asction
s movable, idoes not zovs relativs to the vehicle in thst dagree of
Zrecfon. Cu ths otbar band, if the seciion is “rixad®, or if ths Gugree
of freadom does not defora the gestion, f.a L4y oovs Yelative Lo the vehille
coordinates in that dsgres of freedom.

Froa (1), (135), (236), ana (22),

Lic} L4}
%-:‘ M, Gk o E‘mil\ %\u - W\\f-( . (252)
”
- - foc2)
a2 K owy A {253)
?\u T Y wib s
o5y

6;-.-5. - :'vus. '-ial - 53“ ﬁ:u\
Heve the am&.md the Bw; 2re given arditrarily, and the f «, 808 Owidk
datarnined 2row thea. This is necesssry for the sdtfafection
of (136) when tho Segrsy of fresdos (k) deforws the section (i),

24t
Whan b',‘."ti y than usu_:!‘ y G.‘L-in, G'uk' J:. 3 "e.i,

X x. -y, §n’. = 4xi ‘Eu.l"iq 1255)
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When the cegree of freedos (%) does not deform the sectisn G}, *aen
G300 12w » (136) s st11) satisfies, eud Xy, » &

Whea toe se-t.ion is aov:cle and is dcx’omed vy the 2-gcee cf freedon,

deveraine the «'l), and the B (Tte B are arcit=-ry.) i g cos-
pute =na suowit

7& * G, ek @l 1256)

- » v .
Tl s @on -4 - Cuc BU I (57
o
The A escin this case. This fact effacts tov Jusition of s, , toe
Point of rutation. If the ucuo:x is fixed and defrrecd, ) e l-a e
srbitcesily iocated and the &% woe wimpartant.

When ths section is movelis and {3 4el3eozted but not def “zed by
the degree of freedcs, datermira and sudelt 1y and B (witiAut prives).

The syrbols, data 0 te subsitted, cogpations end equaticar usad
1) <be SLP? svre given ir Appendix II.
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APFENDIY I
RASIC FORMULATICXS 7R FUEL SLOSEIRG

IWTRNATRRT Y

For safficiently ssali msplitales of wotl.... the dypamic effecta of *h;
wlosbirg of fuel Sn & partially filled taak have been analyzed in terms of
the natural sodzs wid frequencies Of the saall, fres-surfete (s:illatiocne of
the fusi. TFormulatfoos for the solutiocn of this prcoles sze rrefented for
rectsrgular, cylindricul, aod apherical tanks. In % . of *322 Appendix,
ratural sodes aund frejuencies sre presented for recangulsr sir cylicdrical
tanss Sa either & vortical or a borizontal positisn. 1o Part 1. ar approxi-
Sate procedure is estadblisbed for dsaling with reciangilar and ¢ylindrical
tanks that arc weithar verticel nor boztzomtal. Part I1I bas to Go vith tae
treatment of the bending acde stare of &n squivalent vertical taax. Past IV
of this Appendix conozerss the inclusion of fuel daapdng 15 the SLP.

PART 1

Tow formulas presented i this pert for rectsngular and cyiindrical tanks
spply caly %o vertical of horizomtal positiczs. Thoss presentad for epberical
tanks 4o met 0eed to be qualified as to positiom.

In order to staplify the Jrodlem to & Jaint whers coavenlent, expliclt
solucicos could be oblained in wost casss, & pusbsr of sssumpticns vers meds
concerning the nature of the fuel, the motions of the fuel and the shaps of
the tsxk. The fuel vas assumed to be nom-viecous and incomprxssibls and ail
tank wotions, except thote normal 20 tde waen frws surface of the fuel, were
restricted 0 small acceleratiscs und perturbaticas. Although the aon-viscous
asnuaptics has bem made, a damping factor vill be included in the final SUF
Structural Loeds Progrem to sccoumt for tho fuel viscosity cnd the use of
bafriss. It should aleo be noted that, in the fimal progras, yrovisions are
3ad¢ for susmiag say cosbinatiom of rectangular, cylindrical or spherdcal
tanks for siltiple texk vohdeles.

1. L_m;g_g Intbncmornmhrum,u-mumc
sechani(~' Cre Anmr VBBt woe eegnill s The . 2fomr
mwmmrolnmmuuuotam-nuututor
v {oad &8 to move Ouly parallisl to tha
botmimu-.z-&,&amemorwmmmcm,

auumm,uucuuumumu-m The motioa in the Ti-plans is
aasumd o b3 the samc regardless of tde !lnuuen Tae
tave been devrlopel dy Gzebes in Refervence (1)
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Definitions:

= tank length parallel to Xesxis

= tank vidth parallel to Y-atis

= tank height parallel to Z-axis

= fuel height paralle) to vertical axis

= Aabh e total fuel mass

» fuel s0de {ndex w 1, 2, 3, --- &% @rdenctes the numder of mudes
selected for use.

= fuel density

= acceleration ¢f tank normal to mewn Sree suctuee of fuel

w gt w total fuel velght

= b/ w tany aspect ratio

» Zocent Of fnertie about Yeaxie 1f the fuel wers solidiffed

« effective mcoent of fnertin atout the Y-axio

« freguency of the s*!' mode of free murface osciliaston

uE »:{n'_;i.qr. (SN o0 TE

Equations”

we = [g(2s-2) gTAuHUts-"'n"‘,ﬂya

= 8?;? {'gzs-lzﬂr,z
7”5 - Mr . 25../) %
& -1
Ks = g&h TANH &35 }/752

p1T2(257)

Ry T AR
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In the case of a horizontal n.ctengular tenl Snfergoing i3UerSs O3CILI8LLLIS
in tie YZ-plane the definitions ard equations are uachangad excep® the. i
aooents of irnerils are nov Ify and [, end the tank aspect ratio now becosses
To - /v with . 2

wg=[g(2s-0 TAURLZS-DT 1, ]) o and 15‘.L‘:z_ Me
if tbe tank s nov rotated so t the Xeaxis 13 vertical with tne fuel
oscillating parzllel to the X2-,.ane, the value of M3 = /£ 4tk and the tank
aspecy ratio bevomes rq w h/c.  “he moments of fnertin arc still taken adout
the y-oxis and the cquitions for Z, and Z are the same excopt they becooe
\g &néd X distances and (se T3 instaad of ry. "he .quations forqy, end ey
become*

W = [y(zs-n-ﬁ' Tann{(2s-0w r,]] Yo
Isy = M; c*+

ieh the K-aqis vertical But with the o32f)..*fcac parallel 4o the XY-plane,
‘v wPcbh, the tank sspect ratic ry = /5, tne accents of inirtie ere Ipp and
I3z and the cquations for, amt Ig. deiooe:
Yo
(gtzs-0 £ Tavnies-Nrr]]
= M, 2t
I, Me 2

Tuls capletes the specification of the equations for the spring-mss analogy
for rectangilar tanke 1o a horizontai or vertical orientstion, Therefors,

the angie the X-sxis wakes with the borizontal detcermines vwhica set of
equations morc accurately approxintes the situatien.

2, Sdfndesen) Terk - The formulstions for the cylindrical tank are not

nearly as atraight forward ae were those for the rectanguler tanks. Three
S1lferent actheds hase been used 6 cefine the fusd) motion Jov the different
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tant orfentatic~s A5 extensive literature survey imdizated .aa. for the case
of lorgitilinal us {ilatious in = bordizoatal cylindri~nl <.+ = c.=mn guproach
eculd de ucel z¢ in the case °f rectengler tanks altiough no developent of
the equuticrs couli be found. weference {2) suggested th v tie maturel fre-
quencies fn. toe norizontal cylirdrical tank ave:

)/
314 sl %
w, = BT TAvy 78] wbere S~ 1, 2, 3, -emtor

Cczparing thit cqastion with the corresponding l.equency equetfor for
seetansular tonks Indicntes that toe cylinsdrical tank asrect retic is r = h/l.
Mekitg 2ike cocparirons thc followiv, developaent s "uggestad

i

s

Dafinitions:

£ = tank lougth parailel to X-axis

R - tank redius

h « fuel height parsllel to versical axis
:L‘. = total fuel cass

s =1, 2, 3, ---ur,

r = h/) ® tany aspect ratio

wg = L TawncsTn]*

o ”,1%15&1

Ky = SMTARCLSTE)
H = e by § St
)
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The second method to te uscd on the cylindrical tan:: follovs the formu-
lations of J. V. iiiles fou:d ir Refercnce (3) for en vycizut ~treular eylinder,
In this analysis the potential and linetic energy eimressious «r2 derived
wvith allovances mede for tank flexibility. TFirst the potortic). cnergy (U)
and the hiretic energy (') expressions are stated and thin the notential
cnergy coefficients (l:i J) and the inertia coefficients (ui J) are Cefined.

§ ;
:L "/h_-’;l
b
Dcfiniti.on.u“:v |
i “Jmsm]l, 2, 3, ~--W

al(t) = gencralized coordinates

qJ.Et = a translation along @ w o

1132 t) = a rotation about the centroidal axis © w 5
qait £(X) = a simple bending displacement along O m O
q®* 3¢ s+3(r,0) = sloshing displacements

£(X) w= bending mode shape of tank

(%) = ar(X)/ax

Ws+3(r,6) = 8D 10de shape of fuel

i = 277 P R2b w total mase of fuel
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Definitions {“eatimued)

inxdex indicating fuel slosh modes

one half fluid h.oight

tank ralius

scocleration of tank along X-axis

s zero of the !{rst derivative of the russ:i Functior of
whe firet order and the first kind.

(B, ~ 1.84119,8, = 5.33044, 24 ~ 8.5:631, £y = 11.77600)

-1
1
It o

"}“‘nucu

43

YN

i
4

Lquationg

U‘t‘{.%ig%‘?’

Peference {3) defincs the yotent{al energy coefficients, *x,& as shown Lelow:

£,.° ‘i,;’ s Lélﬁ"‘.n:—‘«u‘ '&u' 4{,‘ = —é:,sq

= B n O

Ay = My [F0)- £ C0)] 4o X700 Ay
-4 x?ﬁ) dx +4 {_tf"?ﬂ a(;}

Keon g03 =g¢g§; (85-1)

Foen =Ry = %%ﬁ%‘

XU S s R0

Te 4] Y i Y
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™~ ~ - 2 ‘. £ ooy}
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Mise3= Plsez = A}Ey:
s

e g (b5 3RY) . oMR? 2 Tard(Ssb
s B A (G

b [ el
M3 = 7 = ! b Yaeo .
13 = Mye +Mg35 f_bxﬁ(x)a(x +28 ‘Z.l _(‘_zlsE-;nL
[/ 1/, £} [y Q ? _
Hfw o eoll5- F -3 § Bk
86
= = BT
Pha 503 = 7”5;3,7_ = %sn [_é__jjb&(i)_ /]
3 ’ 7
My3 = MFE a_ MR PO Y (0)-f b)) Ya(-b)
33 = MF, 4-%1; v F £ L 2

=4
+ BYMRPLo)-flo)] 384 ) Lts [ F (0 £

Iy B
P 24,5 Y 4 A
+*‘z-';’-,‘7é'r,<zf:cn“ [F 502" n)) cosn (868)

- amw’(-b)}

Ms,503 = 7”:;3,3“% Y, (b3 = %”% [CSCH ( i.gt_"‘)'j[{‘('b)WR(%fsP‘f(fb)}
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¥Y'= 1.0

Y= yay) = 1= [4 ;&s;]

I'l and I, are certein Beswal funsticns or cartofr forw .1 functions
of sowe related kind.

("E}[ £(1) Cos{sn’ ”b)],(; when S>>0 .
Fo=dp j Tﬂmo(;
k=L n? (834 (2857 6

These equations have been used fn the experimental maalysie of Refsrence ().
In this report, r t bending frequencies and mode shepes were dnrerrmined
experinenta’ly and wvers zhown to be goacraliv in sgreement vith the sretical
predictions. The Aufferences were attriduted pr.marily to varieticns of

astual node shapes from those assuwed in the theory.

e third mothod to be used on cylirdricsl tanks ms formuiated by
B. "wilansky in Reference {5). Thiz {5 #lso the method %o bde used ior
spherical tanke. In this report a. integrasequation approach is used and the
2etkol of solution Geveleped Sor the firat faree fuel slosh mode |, (alch
as inlicated & the literaturs 1s o sufffcfene muber of nodes for nost
rractleal prodleas. The tank orientation wnder corsideration is & horxror.tal
Hlldricad tonk: undergoing l-teral oseiilations, I+ this case the fencrali-ed
zo0re Lnate Jdeaot’ng otion sldor., the Yeaxis 18 4° and mrain tic fuel” sloshirg
generilized cocrdinates are ¥ 3. ™ &lmensions of the q“a in this
Scvelonoent, hovever, are (len rﬁ*)‘- rataer 1han length as 4n twe case of the
provizus gemeralired coordinatea. e slozu beight, 43, at the side of the

2an e cxpeessed as & functica of the 53 by the follerng relation,
P30 3¢y e+2/E. It should e noted that fn this oolysrs tamk beudfug
16 {grored and that with Jhe acn-viscous assumption rotatfon of this
crlinirical $-ult anl rotatic: of the ~pharical tank necd not be considered,
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ql = n *raoisictlon 1lowy the Yeouis

o = tonik radics

c = fuel nelghe pere cter = 1.0 for emmpty tonl
==

=
sin & = 0 for half full taut
= +1.0 for full toni

[+
'

sin~ e
cos B

>
frequency naraitter = C () ~s+3

yp
)

+
o

]

fuel slosh mode index = 2, 2, 3, --- wr
tants lengtu

Tuel dentity

taak acceleration clong, | -axis

total nmass of Tucl

#7age
W auan

Igietions:

U &Ff&{ 2—, Whis Asis (377)°

2

v = %ﬁig ['\f)-{;:b)‘. Assa (?”3)1
T=% Mr@’)t*' &"';j 2’-:/ Wers Anes (@"3)& * gff(“’i’)tf',; w;*’BS*s. *
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T= %:N\;(?l)a‘*' Tax i‘&vmr/\su (g'«""f'
£ {

e fas RG] [VRT 150, 40

Tne noadirensions] 0.l paremerers Ao, a3 810K With IN=+3

e preczm.ed in Tigures (), (5), ?6) respectively for the firs. three
“uet slosh podes sa fumerione ol v". £ui) religat parazet.s e. I should be
o ted they for values ‘¥ e » .0 to e » 1.0, the ~urves in Figures (6) axd
(9) tend to tafinity as ther approdch e = 1.0, Tt v id '~30 type Of
solution near * = 1.0, tue curves Luve beer woot oo det<relct o 2 10 W
provide for an approxizate Hut finite solution f¢r the 2ull vank. Eor
this re=son the solition ¢of the equations for the nea:ly Tual to full
cylidricel and spherical tanks sust be i3ed with caatior.

3. Spherdcel Tapts - Folloving the saze wethod and definitions &
used above, the solutions for the spherical tank »ay be obtained.

Equations % (Qﬂ“z‘z wsog s (3’",)2.
i)z 4 ti 4 { [T73%3
ieg Ty (Vim ] Cons {8
T= ’ZM #H* +%’7’(4‘R) f WS Cn;(&'“"
st

+-%f("’-?),,§,f Wser Dass Z:“;
as}

T = %“F(i'l)‘ + 797190-‘7( i !_"Mw] :‘C €43 (é”")‘

FOPTVRY i (VAams) Dann @™

ts before, the values of the nondiercional =ods! parsoeters C,‘? and D43
along vith-IA 843 ane plotted versus ¢ in Figures (7), (8), end (9)
respectively. As discussad rreviously, the solutions of the ecuatjons «»s
only epproximate sviutione s the full condition 1s approached.
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PART 1T

coeputations called for in *his prrt are -arried wt 12 thc Juacie
Charartaristisre Guharosaes (VDOS2), Jluch muns o.th the basic SIF
2¢ker thaa the SLP.

Thr Tree surface of the fuel s parallel to ihe horirca culy vhen rhe
140k bas no lateral o: lomgitudinal acccisraticm. it ic sn.icipiteld, bowever,
that such wil. nct usually uvr the tati. The ssiimption nov being rode
coneeiuing the Juel ocientation {s that the free muface iv slvayn
perpendicular to the "resultant tank acceleration,” defined » the sctual
acceleration at tbe tunk center dve to the gross rotfom ¢f th~ velicie afmue
the force pec unit sase due to grevity. The pertincat angle: for tho tank
orientation, therefore, are not anglea urually defizned as the tank o=
vehicle pitch, roll, and yuv angles; they are the angies detwecn the by
axis system and the resultant acceleraticn. This neaus that at any instant
of time th: resultant tank acceleratica must first be found and “ben tle
tree surface of the fuel set perpeadicular to it. Since the fucl slosk
equations presented in Fart I are valid i.~ caly vertical or nrizoctsl angs,
the tank valls must be set perpendicular srx parallel to the free surface.

As this is dcne, the resl tark dimensiocas in the body axis system are replaced
by thome ¢f & different but "equivalent® tank of the saze voiume. Thue
equivalext tank is, therefore, & tazk vhose dimensions and orfentation are

a functfca ¢ the sugles the real tark mekes with the resultant tenk
accelerstioc. As the real tank for exazple pitches from o° o 9G°, the
equivalent tank concept provides a continuous trapsition to classify the

tank as being eitler vertical or dorizontal. The tank gecmetrical cerier

wvas chosen as being commcn to both the real teank and the equivalent tank.

The equivalent tapx concept is by no —ecans an exact reoresentation tut
doez give an approximation of the real situation. Onc very significant
parameter to fuel sloshing is the length of the fre> surfacc. Tue equiralent
tank concept permits the froe surface length to increase or decrecse as it
does in the real situation, but ocaly appresiwates the zctual freu surfa:
length. This scncept also simplifies tie cogp on of the and
products of inwrtis and the C.G. of the fuel, as the fuel changes {ts gross
rosition in the tact ‘ue tc the gross metjon of the vehiolo.

Consider now the problex of obtaining the equivalent rectangular tank

dipensins aad then the woments cf inertis ~nd C.G. of the fuel in the equivelent

tank &3 1 t9e fuel wvers soliuified. As sh .m in Figure 10, 4s the unit

P alekie WA RIS




REAL TANK

FQUIVALENT TANK

Figure 10. Recl and Equivolent Rectengular Tanks
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ancceleration vector of the tank. Onc corucer of the reol tunk is chosen oo the

origin f a right handed triad having unit vectors#,, Wa_ and 71, , pointing aloug
adjacent odges o[ the tank and chosen so that the angle oetveen ?_, and #1, 15 not
less than thc ~ngle between 4, and either M2 or 41, . vue vertex for tne common
oric-in of these vectors is choseu zo that tnese angl.s &rc not greater then rm/a
The unit \;_::M-cré is Cefined as & unit vector perpendiculs: to -, lylng in Lhe

plec . :{.,3 and 9, , und muking an acute angle with.f&. ‘The vectors by, .

and &, arc the vecturs defining the real tank .-lze und orlentetiocn. .. ucgnituces

of these vectors (not unccessarily respacti.ely) £, , &, and £ arc the lomgth: o
ihe sides of the tank in the direction o: tae ult vectors #, , zﬁ‘_and"'h“ respec-
tively, as shown in Figurc 10. Ttc unit vector £ tnd the engles @ , and 9, caa
be defined as: !

o, = ARC Cos (Jy-€)
= ARC €85 Vi-(Tyim,)"
B
B, = ARC Cos (7€)

= AAC cos [f .7, 55¢6;)

-

vhere @&, and 9‘_ must be pos..tive acute angles.

The dimensions 2f the equivalent rectuijular tank can now be obtained.
Referring to Figure 10, the equivaleat k may be thought of as the tank
obtained hy taking the real tank, with [y coincident with one of its edges,
and then adjusting the real tenk dlmensions to the equivalent tank diwmensions
as the tank 18 rotated first through 8, and then through & . This then
replaces the real tank, which is actuelly in the position described by &,
and Opdut with its sides not perpendicular to the free surface, by an equiva-
lent tank with the same volume and approximately the same free surface length
with its sides perpendicular to the free surface. Defined below are the equiva-
lent tank dimensions C,, Cq, and Cy in terms of the real tank dimensions.f,,

qand £,. The intermediate tank dimension ¢’ 1s defined as the length of C,
after the tenk has been rotatea through @, but not through 6,- .
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C= JET, TAn(e,+(1-48) pac TAN 1/17,74',]

C.= VT CoTTe,+(1- L) ARCTAN VTR |

A

o . " » ——r
S T Ay coTle +(1- 5F) AR TAN VE L )
o >, T " J—
Oy T Z'c ,/;,U[ﬁ, + (! -,7!') ARC Ton -,/:/,L' ]
The unit vectcrs piving 1@ rew ~1 w0 15 gre.

7. Tl 7) b
' 7/-(;.',-4—75*

A X7,

VT

fuel moments of irvertia, J; , J, nnd.]:,, as_{f the fuel vere
abou. the fuel C.G., and the C.G. location Ze ot the fuel,

ecuivslont tank center along the 6 ax{s are shc m belov.
fucl in tank s pf, ond the fuel neight :zzonaj_, 5 h.

7
~2

Equations Yor the
solidificd, teken
seasured fros the
The total zass of

To= e[t i)
-k

p

1

i

S

LErs €]

/-(:3 (C;'h)

M
u

he= MF//fC.Cg_

An approach similar 2 that used for the: rectangula: tanx is presented for

the cylindrical tank.

There sre two major dlfferences betveen the equivalent

rectangular and ¢ylindrical t.oaks.

The cross section of the egquivaleat teng,

tukenr perpendicular to the resultent-acceleration, i always rectangular for

the equivelent rectangulsr tens.

Thls crows .ectica for the equivalint -vlin-

¥ drical tank cay be rectanguler or civcular dejending on the &ngle betweo. the

-19-
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resuiiaut acce.eration and the rear *anx length voctor  If this  rose section
is circular the equivaient tang is c-nsidered as being ver-.cal, and if rec-
tunguias, the cquivalent tank is consideved 8s being herizontal ne secend
differs: ~e betvern the eguivalent recteagular and cyiinerical te.s con.cras
the ouslos Liud to specity their orientation. For thc ~quivalent r;-.....w.“ar
twn- w0 sagles were needed. For the squivalent cv._.ndrical tank, the argle
vetwel® ohe resultant acceleratiorn and the tank leagth vec*sr £ is tae a'\ly
w1 ~le2 te specify the tank orientation,

Az chosad in Figure 11, I. is the cylindifcal tunk length vecto:, ,(: is the
rn;uta::‘. a::el-ntx:“ wilt vector and G iu the anglc oetaruen them. CDafining
a3 the a.n iength ani* vsctor then

-2/

8 = AkCoS Jy)

ir {4 is grester than l/\r:m-. equivalent tank is vertical. Defining Lena r
as tne resl tenk lensth and roaius respectively, end -l-,and Ry 88 the equiva-
ent tank length and radius respectively, then the relation betveen thea ia:

Ay= VZIR TAv[e+(I- 32) akc TAN Vifzz]
= VB L
h = Mr/ ﬁfﬁ’;
Bquerions for the wouents of inertia of the fuel, as if the fuel .ere solidf.

fied, taken 1bout the fuel C.G., J, , Jp &~ J; . wnd the C.G. locsticn X
of the fuel tieusurad along j‘ from the teak cehter are shown telow.

T=T e WrRIA(IR +4Y)
5= —‘prff.?l-
P4 7 (8h)

If @i 1.0, the couponents of the unit vectore 1: and};_ giving the new dlrec-

tions are:
t_ —pl' 1‘ e ]/ 1TL H
4 Ty ATV 4 7«(*)*

¢
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Figure 1. Resultant Acceleratior and Cylindrical Tank

Figure 12. Horizontal Cylindrical Tank and Spherical Tank
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HE 1 s . . X 1 g
L S = 2340 Nwt A ’? i - LA L1 E
- Vir)- 1= (4> Vi-tajt A
If {w] 1s less than or £gual to ;}2 the equivalent cyiindri.al tank is S
borizontal. Defining £ .56 Tiy -» the equivaien, :0rizoncel terk length sad T
Tadlus respectively, and“exprensing tren as functions of the real taunk dimn- " .
S sicns A and H gives )
ot 7 - L]
¥ 4wz VIER CoT[e+(1~E) ARCTAL VErR] )
Ru = VRLTE,
Y In ordsr to obtain the expressions {or the coments of inertie ami C.3. of the
s horizontel tenx, the angle 8 , shovu in Figure L2, tust be found. The equa-
tion rslating g to the Zuel m-M, 13
Me =7 Ri (% +8 + sinwg cosg)
ISR -
[{Me /1 Ls, ,f("‘)--p'} =4 + 58058
Nev let Cpo [(M;/ Ll P23 %;,, Newton's method can thea be used to find &,
Defining £(8) end £§3) ad " shovn belov: =
FlB) « B 4+ S1n8 Cos 8- ¢y -
e ¢’ .
o FUB)= e costA :

Let 8 be thc inttiel estisate of § and calculate 4
[

A écu
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The qufu--‘.it.ies} %! and {£(4)| cea then te testzd to determine if they

sre both less than (1 x 10°7), the srbitrarily chosen degree of accuracy. I7
this 1s true then § = 4, . If the desired degrce of sccuracy has not beoa
obtaired, 7 1s used as the next estimstc of 4, acd e B, =8} he calculatei.
The test is made again %o determine if thc desired veiue of & nas been obtsined,
end if not, the fteration muct be continued until tze dcaiped conditicns are
satisfied. The fuel moments of inertia, C.G. and height can “men be obtained
38 functions of B,

h-'l'?“(HStme-) —

B.= — 2Rycos?

0= Me[ERY + 2, (ERa SINB~Z;))

T.= Mp[*k:""rlzﬂ-:‘-zf (‘Z;"% Ru Slﬂﬂ)]
T = Mel4RL+dz by - RuE, 588)

-é.p:";-;j;

The spherical tanx d’mensicns do not neea adjustment because for any tank
orientation, ths free surface length vill resain unchanged. Tbe orientation
of the fres surface wvithir the tank will, however; changs positions in the
tenk. The anglef for ihe sphericel taok is defined in Figire 12, and the
cape iterstion method as described previcusly miet be used to saive for p.

The following equations sust be used for this iterstion,

Fe v r€R( § + S8 8 -4 sin’B)

[ M- #]= swa-gsmg

-83-
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C={a5m- 5]

£(B) = SIv B~ 3’-5;.‘1‘33»(;

8= Cos’#

B.z:C

Using the value of 3 obteined from the itersution, the followirg cgustions
for the someat of inertia. fuel height, and C.G. cun b= solved.

2 = - 3Rcos
F 6(orAcINB-SIV

b= RU+SIuE)
Ji= Ty = %Mr (2R%+ 32, RSwg~-§ 2})

V1= BMe(R*-Z RswB)
Er':zr]; —
The components of,?:mdz;giving the nev directions are:
. 1 g2 > g3
f::—j "s]/- e\8 1::-1"
: ?’%& /(, -43) /?, m
'
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PART IIi

Incsmuch as the Zength of an ®equivalent® vertt

noet likely to te different from that
zode shape § (53 is given for the length of tde real to=x but wust

of

cylimirical tank 1is

the real tank, ..2d since the bending
be

along Lbe leuxih of the eguivalent tank, it is necessary tc find some wiy
of adenting the use of P! to a changing %ank lerg''..

a»

[PV NEeY

T Y O AT (RRAR A0 XTI TP o e rs 70

o w.ocaplich Zhis, & arpument X i is introduced vhich dces not very
with the tank length, an 13 given as Fix, ;. Sepaxrate considerst i zust
be g§ivin to the two cases Wi > /VE and u; <« - Yy, vhere u; equals
CC3 ®; and Yor a vertical "equivalent” tank pui» /¢F -+ Xi is defined
ss distance along the axis reesured from the ceater of cyiiadrical tank ' ,
sondimensionalized with respect to the tank lengtl. In use 1% the rend tank,
X; 1- positive in the dirsctica so chosen in commection wii™ %.he' sutminsion
of da.a to the VPC82. In use vith & vertical equivaient tank. X is
positive in the direciiua of the "resultaat acceleration® if w:»*/Vi , and °
positive in <he direction opposite to the “resultant accelerstion® if wu;< ~%/vE.

For the submission of dats, we note that

L7 1s the length of the real tank, thet &;X 1s sctus) distsnce measured
mfeetmtbmroftmmunk,tht«iﬁxiti » and that

.l » ‘9{ - # .‘.(l‘ - ;" .

£ Xxi x; &;’. %x’; /j"'

We naxt cousider the mathematical relations connected with the squivalent tank.
When W > '/V¥3 , these are as shown below:

Xi = b, XE v (b 'hi)/&

¥ d b

dx; = b d x5 ” x’\\-\\\\\
xx = Xi ~S:rv;j::~ /e 1 \\E‘%T
" UL-R) /e \\\\

g (40 8)- 4 N——
When X; '-'*gi , X% -3

When X; = W ,":.'!Li -1
< 2

i
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L 4

j’qi 3 b-; - '!' 7
= - »”
Cr; n;: ] :" e X; £ J X
“e
” When ; < "ﬁ » the pirtinmt relat.cns are as follows:

Xi={bhu-wil/e -bu X
? Jx;" 'Lvi jx:

‘ N
A, -‘-'-;;“ (-x%)-% \\\\\\\

s (L, -h.\/,

- vi - ;)/a- 4
S PN AN

s ]

T 1081“

When xi‘“g-\ !x{‘.é
When X;< §i ,Xa'é-"i;'\vi

"Equivalent Tank"

F,Zn-{f"[:’hﬁlx’;w&-ﬁjl f, dx
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As fndicate. in sguations {G7) and (95), provisions Lavs been maae Lo
1nclude dmlu,, fn the SI2. Ruowledge of vbhat mmericai valnes to use [or
%5 '~ 55 ) is tapartant to s sarefu). investigatic:. of fuel sloshing ia
8 vehicls <g Flight. An avtenaive literzture sesrch found ‘lat very little
Jukl QS . data exists except for uvpright cylindrical tanks. Reference (6)
414 present vis equation below, which can be v..d to obtain the logaritis:!-~
dccrexest & for an upright cylivdrical tank as a function of the kinemmtic
viscosity ¢ , the fuel heighth , the scoeierstion &2 to pravity g, and the
tark radtus R:

6= 3:23VV Liv2(i-%/R) cach(3.68n /r)]
rR?ch\h (i.84h /R)]“'

Iie oquaticn is far a tank vith no daffles. Most of the other references
found were for upright cylindrical tenks vith various beffling ccniiguratiocus. !

Because of the scervity of dats cn fuel Asmping, no equations suh as
mmmnm(tnehuocnnmwl.v)mwmmm '
8LP. W,ituhﬁtotbe 4o determine in ks own wsy ccnstant !
nhnsof,;tcrumm irgaat to ﬂnm As lxg s
vm.hand’ i are greatsr than zerc, they vill at lsast prevent
contimation of vimtever fuel slosh modes are axcited by the motion of the
wehicle.
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APPENDIX II

SYMBCLS, DATA T0 BE SUEMITTED,
CPATILTIONS oND EQUATIUNS TSV
IN THE STRUCTURAL LOADS PROGFAM

components in the y coordinate system of the linear zcceleraninn
~i the vehicle at the origin of the vehicle axes.
SIARTT

components in the y coordinate system of the lincar acceieration

of the h-th particle of ihe i-th section due to eira. tic deformation.
ADAERT

comporents in the y coordinate system cf the linear acceleration

of the h-th particle of the i-th section due to rigid motion.
ADARHT

static serodynsamic terms.

nondimensicnal fuel siosh modal parameters for lateral moticn of
horizontel cylindrical tanks.

a quantity used with vertical cylindricel taenks.
TAAPS &

sectional aerodynamic shear force terms for rigid vehicle, raferred
tc vehicle axes.
SAAPTT

sectional serodynamic bendirg mowment terms for rigid wvehicle,
referved to vehicle axes.

SAATPE
v
Py
[~ ¥TY A ah ° Ak componects in the y ccordivate systes
of the linear accelerution of 3Mns h-th
particle cof the i-th zecticn.
ADAIHT
s ad
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incertis terns.
SFLAPS

/
Snpouzhive iu e ¥ wwor:iinate systuw . the given mode of
-iuretion in degree of freedom % before balancing.

£
corponents 45 the Vi zsystem of the y'ven pr-tial Yinea

with respect “0 Q" of the point of cofmvion o ~ovable section &
reiative to the vahicle before balancing.

aodal functicns of cylindrical tank aspect ratica.
TAAR

nodal fanctionz of rectangular tank aspest ratfos.
TAAK

nondizensionel fuzl slosh medal parsmeters Jfor laeteral mofion of
horizontel cylindrical tanka.

aercdynenic stiffness terms.

sectional sercdynamic shesr force terms, referred to vehicle axsL.
SABPIT

sectional sercdyramic tending ooment torms, referred to vehicle axes.
SABPPT

lerngiim of equivslent horizontel cylindrical tanks. Seme &s ip
VPGS, T
TABKTT .
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langtha of eguivelant vertival cyilndrical *anvs. Jame 85 in
i 2 i
TAVTE Ll
¢ somnonante aF ¢ha dvmasicglly balancing roftatl L cate with espect

Y 10 Q" of the vehicle relati{vs to the vehiile axer. .
FEEFTY - STRUCTURE 8
“ABFTT - TAuKS 3

Cs-,‘ sondinensionz: fu:l slolh mcdel paresciziz for li-eral mution of

spharies\ troks. ; v A
ij gercdyprenic qamping terms. . g
TS E

. goctional zerodynamic sheer forez terms referred to vehicle axes.
k1 BACPIT

#rs . &
seciional aerodynsmic bepding mowsent terms referred to vehiecle sxes. T g
¥\ sacerr A

Cr 3 Can lengths of the “horizontal” edges of the (equivslent) "*
n roctangular tanks. Same as 32 VPCH.
TACLTT

c components of the dynamically balencing translotion rate with

X respect to q" of the wehicle relatlvwe o the vehlele axes. e
SECTX® - STRUCIURE 4 i
TATIRT ~ TALES E
« -2

¥

Ds.‘ noniimensions) fuel siosh modal parameters for lateral motira »f

sphericel tanks. o M
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crrents and Leegtiess -8 Lrlutts of ipertia of Ltructure &n
~3al oatoat axas thru the vealele tenter of =8 5 end parsllel 1o tre

rerllie gres.

A - particle of the s -wn se.lion Cue 0

medal produsts of fnertis of part oJ tae vehicis.
¢ DS

dynar 1 talaneing

SFINK

pwber of theuot vectoring nozzies {or "angines").
N¢':3§G

— — L
components in the Jy systcem of the Jai vactor:. Seme as in JFCS.
TAESRT

mozents apd neiatives of products of imertia of fucl about vchicle
aXAS .
TAFRTS

zertosls integrai. connected ~ith fuel alosh 1n tertical cylindrical
Lanks.
TAFPS

~ QRIS a5
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LE.
. .
: )(: bending mode snapes f2r cyllindrical tarko.
. Tzl
=~
- 2o p . .
bt . opes of bvending rodc shoper for coylinarical ¢ k..
- ) FRDTABL :
- & ’ -
7 ,
. n
. n o s .- \
g L 1 f“; ev the cuotom of *he fluid it tank i
. .‘ o] v, S
- b TAFPB -
; ‘ s ’
. j'g“ Jyy 8% the top (er surfece} of the fluid &+ tank ). ’
?
. TAFPT
§
K Gf’s products of ipertis of stn.wtare apd fuel atout vehicle exes.
, SFGRSS
= (‘5” products of inertis for part of the vehiclke. .
. ) SIGLRS
.. a» ‘ Y 2 -
3 r~o - G o~ intagrale connected with fuel slosh in
. < . i
RS AC A vortical cylindricel tanks.
E . TAGY, TAGPI, TAGPP, TAG3F -
. ?;" the magnitude of the "resultent acceleration” at the zenter of
tank t. Same as in YPCS.
TAGIT?
: r
i P a components of force per unit mass duz o gravity. Same as in . N
. , ey ;
- SGGRAP
¢ B

Vv ke

?’j the coefficiest cf "structur2l®™ damping associated with the J-te .
degree of freedom. z
AEGPJ

e

B

H X inertie coupling terms.
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azignt of fuel in "equivalenl" tank ). S:me as in VPCS.

AT

components of the partial linea. velocity with re..>ct 10 q° of

the center of mass of section: reiative o the vehicle axe, -- value,
obtained sfter cynamic telancing.

TAHKI

SFHKI

rodal unbalance:s for fuel.
TAYFTS

inertia couriing terms for fuel.
TAHFJIS

inertia coupling terms for structiure.
SEXSud

modal unbalances for structure.
SENSTS

moments and negetives of products of inertiz for part of s section.
STHHIS

moments end regalives of produsts o
fuel atout vehicle sxes.
SFIRSS

momente of inertis of fuel in “equivelent™ tauks ebout axes parallel
to vehiclse axes.

wozents and negatives of products of fnertie for pect cf the vehicle.
SIIIRS

" QWJ;}W“M Badr b




Jri zmorents of Inertie ~I secticn ! abcut .2ciions axe.  Same us i
VECS.
TRIRTS

Sen wmoments of inertiz of Juel as if {% werse uolia ! Teguivaleat” tanks
L
' mocut tank axes. Same as in VPCS.

TATFIS

-
AR BRY MRy .

J" , effective moments o7 inertia of fiel ool et o 2
FO oagres

. compencats of the partial linear velocity w~ath respe.v q" of
] Kt the center of mass of sectiun v+ relgtive to the vehicie axes --
arbitrary values given prior tc dynamic balaacing.
TAJTI - TAKKS
SEJKT - STRUCTURE

] - .
K ri products of inertia of section + referred to sectiunsl axes.

as in VPCS,
TAKRTS
rs
L =2da). inertis terms.
, ¥ srsTs
.
£ comporients of orthogonal unit_veactors giving directions of
’ wi acceleration orientad axes, ALy end La. VLeing parallel to the
: . surface of the fuel in tank j, and l,‘b-:ing perpendicular tc the
) * surface of the fuel. Seme as in VPCS.
g TALSRT
% -
: - st ]
. . B L. ! modal inertic terms for fuel.
B - . ~ K raLFTS
T, st
) LS modal inertia terms for structure.
=~ K seLsts

M Fi totgl rasses of fuel in tanks. Same sc ip VPCS.
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v

berding moments 2t 1 ¢
~ithout .ing (componert: in the y 3~ i >

SPETT

bendirg moment - o, Tlexidle ven.cle -7 L ..
SPETT

bending roment. on rizii vehicle sitnout ~ind end
force..

SPYR1T

ternding mroments cn rigid vehicle sitnout sind tut
forces.
SPMR2T

bending roments on rigid vehicle ~ith .ind enz -~ith ¢

forces.
SPMRET

aesrodynamic nending morcents avout the origin 2=
defermation, withsut <ind.
SAMAET

aerodynanic bending moments about the origin due
zoticoxn, without wind.
SAMART

aerodynanic bending moments about the origin due
deformation, with wvind.
SAMEB?

c o temi.
v k

w

T2

vecilied 1c2at- .. orn floxible vens.lv

hot

t 2o

r r o

g =3

3 4]

[ &%

L . "
It .

i-‘ ot

%) 2}

pre 5

3e

(%

cr
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rigid

th}x asrodynamic bending moments about the origin due to rigid
R &Y potion, with wind.

SAMRET
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hending mement: about the or.gin duve ¢ grav.ty.
SCMGRT

ineriial bending moments about the origin due %o ela.tic 2cf-r
ration.
STHMIZET

fnertial Lind s momonls ancul the orisir st o
eI Lina Wil g NCICL VS altUl Tu€ ITUgei. wiT s Lagd  srvvavaie

SIMIRT

bending moments atouu the origin due to the thrust forcec of the
engines.

STMTRT

total nass of vehicle and fuel at any in.tent. JSame as in VPCS.
AMASS

mass of structiral section . Same as In VPCS.
TAMITS

mess of the h -th particle of section .
SEMIK
-

4
4

effective fuel slosh masses in tank i.

mass of part of the vehicle and fuel.
SIMPTS

mass of pert of sectiony.
SIMPIS
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ELn

fucl rti:
sy¥lindrical tani-

TALPYS

in2 for sphericsl and lorizortal

N

L2
r
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13
o
R
]
N
g

s ~Yer of acrodynazis part. {cr surfaczes) in seziiom t.

u;ohz

tares
Ph e

~o’a: iner<ia

sectisnel aerolynanic btending rwmer  tern: resulting from elastic

jde: mmotien, rithout -riné.

secticral asroliymardc bernding morent te: - rusulting from rigid
ootlon, without ~iad.

sectional aarcdynumic berdisg oment tesms
geformssicon, 14a wié.
SANZEP

N" sectional eescdyy ¢ hepding ncuent tool colaluing fo i 4l
Rre ootion, rith '.:ind.
SKIFREF
r
N F W EOee- irartie torms Jor fual.
TAHFIG
o
N.'Sk relat incrtic <ermc for ssructurc.
SEIBKS
n pbar of elastis degraes of fresion.
wgz1.
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n. ot prnents in the V' eoc
ih hon the surface of zeo
pcinting cutvard.
AENPR

uni* vector et oofr
r<

o .2 ourface e£r2

H orrar of pariieles {or maceen} in cczzizr
NOPI
P.:,-. products of inertia of fuel in tanst cefer=ed tc axes parailel

to vehicle axes.

P,.,j model moments and ncgatives of produsts of inertir ot vehicle
end fuel.
SEPJTS - STRUCTURE
TAPJTS - TANKS

v e2tionel coordirates of the point ot rotetion of movabdble
ection:. Saxe 2. in VPCS,

EPPR

PAY
«©

v

modal moments and negotives o produsic of dnertie of cection i,

LR

“’rsk mAG2L LSsert an. nogative. ¢f produut: oT imertiu Couart of the
vaiizle.
SIPPKS

@J she generallzed Tores. acssocizted iith thrust fooolu.

cenerglized shordirate asooisted Ltk t’ne“, % degre

(]

S
%r Luirl moments and ne_ntire o7 pcwodacss of inertia of part of soniiin k.
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Al . . .
F\} il o imhesteal Sk e Gama s i Trde
TARIT

{

= sndius of equivalont horizontal cylindricel tank 1 .
Same as in VPCS.
TARHTT

-
z

RV; radiuc ~{ eguivaient vertical cylindeir~l trnx i,
Samy as .n VE(3.
TARYTT

R mndal produzty of ipertis of purt ol the voalele referred to
K rohiels axes. 4

SIRKRS o

: R . reevionnl acvolyranl: Jorce tern: for »ioll venicle.
‘ J AFRTUT
LS H

: ceationzl nerodymuale Shcar forse terns for rigid vehicle.
: ¢ SARPTT

wrstbu i
sentional azvilyvonic bonding woment termc Lo rlgll vehiels.

SARPLT, SARP2T, SARPIT

P

ct

P, Vai eiyert ratios of “eguivalarnt" tarksc. Same as in VPCS.
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ectionel aerclynamic st’fPness terms.
ANSTUT

aserodynamic sheer forces fdve o elastic aeformation, without wind.
~ASFAP

gerodynaric sneer forces 2ue t¢ rigld moticn, vwithout wind.
SAZRAP

serodynamic shear forces due to elastic deformuatisr, with wing.
SASRFE

eerodynanic shear forces due to rigid motion, with wind.
SASREP

elestic contribution of section i to the sey>lmanic shors
forces, without wind.
SASAEP

rigid contribution of section V' to che aerodynamic ghear forces,
witout wingd.

SASAR?P

.elaetic coniritution of section t tc the aercdynamic snear forces,
lwith wind.
SASERF

. r1gid contribution of secticn ¥ to the aserodynanic shesr fcrees,
‘uith wind.
SASREP

shear forces due to gravity.
SGSGRP
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inertial shear forces due to elastic deforma“ic-.
SISIEP

wnerciul snear fu:ces due Lo rigid motion.
SISIRP

shear fsrces due vy the thrust forces of the euglres.
STSTRP

number of' tanks. Same as in YPCS.
RefeAM

components in the y ccordinata system of the -hrust force at the
1-tlh pozzle.
2rXzP (1)

componente in the y coordinate system of the thrust force at the
i -th nozzle.

=rxzP(2)

components in the y coordinat- systew of the tust force at the
{ -th n.izle.
2mxzp(3)

sectionsl serodynamic damping temms.
ASTIJT

sectional aerodynamic shear force terms.
_SATPTIT - el

sectional agerodynaric bending woment terms.
SATPPT
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v t) tire.
' L IR TS
Y T ? ..
.
W
Pt - e rerodynanic terms. 4
LY. TR oo
~.
F IS A
(G sectional esrodymanic sheer force termc. .
L3 3AUPIT Y
rergta
sectional aerodynamic bending ~wment tems. o
ki SAUPLT, SAUP2T, SAUP3T
WL cosine of angle between resuitant accelsaration and axis of
cylindrical tonk #. Same &s i VPOS. w
TAUS
t ] ; \l v components in the y coordinate syctem of the lineer velocity of
‘ - the vehicle at the origin of the vehicle axes.
. i AZVRT?Y
»
:;‘ " . 4
; Vq_ corponents of the velocity of the wind. o
: - ASVRAT
L r r r -
: . Vb V - Vl : -
: T : ASVRAET ,
; . v IR
f ¥ . V compenents ©f the vehicle velccity at the centor of wass. .
f & : S amvmer .
‘ ] .
i ; . :
* < r
' g \V dV, /3
] - i c v
] e g IO ’
: " E [ H B
i . E 4 \ compenents of the velocity of particle kot sestion | yelative i e -
H % €A the seinicic axes. ) i
i P £ ADVEET - i
% ST . H
= = : i
iR E {
> % x -10&- H
1 3 g §
= i ;
;2 3 3
3 N B
! s - L t

T
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\,’V inertia coupling terms for part of the veh®:le » erroy *o venicle
4 XOCSR W

GITKLS
i
' oo tern of W KL -

< &)
yyvs awaber of fuel slech moders in eech dureccion for fenk . (= </
NPT

AM; $ the "piston speed” (or downwash) at the h-th surfere o the i -th
gection.
AZVIHT

.
w;;"onc term cf A Eih.

ADEHT
Xi distance alopg the gxis measured from the center of cylimdrical
€ tsnk i , nondisensiopalized with respect to ihe tank lensth., ™»

use vith the .eal tauk, Xits positive iz the direction so chosen

in the VPCS data To, be submitted, numdber 5. In use with a verticsl
equivalent tank, X iis positive {n the direction of the “r=sultant
acceleration™ if u i is positive, cng po=itive Iin the direction
opposite to the "resultani scecieration” ir ui 17 pegetive. ( wi=
cos @i and i the case of a vertical "equivalent” tamk {u. > | /vF.)

o

X . coordinates of geometric center of tsnk i or of the point of
roteiion of xovacie section ¢+ . Yame az in YPCS.

. 3
;o r ¥ ’s
- e % _ .
e X :1:-:‘ “o o )
TAXBKX - TAMKS 3

SEIRK -~ STRUCTURE

}
:
:
£
H
£
L4
:
¢
:
il
&
%

emwarAe 3 0
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3 '3 A3
Py v 2 4 (2 4 e
= - = { * O
7\“ G wi = P 7"‘ gzt:c"“e“‘d !
< 2 [ 4
A5 LN one term of A Cik -
Xaak ADEHY
- r
A v static unbslances of part >f ne vehicle rcfe-rod to vehlcle
L, axes.
. SIYRTS :
. .
: ;
; 2
. Y' static unbalencés of part of section 3 , referrad to vehicle H
| S ! axes. :
. SIYRIS :

y dynamlc vnbalances of part of the vehicle referred to vehicle axes.
¥ SIYRKZ

PR

\/ inertis coupling terms for part of the vehicle referred to
t Wi vehicle sxes.
SIYKis H

. ”

)’ ) ‘/ . certsin summations coupected with fusl siosh in vertical

i 3 '9Y oy)2ndrecs]l tanks.
TAYPI. TAYFP

iA cooriinstes of the N -th particle of the | -th sectico in i3
‘3’ the occordimte system.
;urm‘&, SAYRET

[P ——

products of inertis of part of section ! , referrcd psrtiy %o
y 1 ecectional axes snd partly to vehicle axes.
8IYYIS

1s
S8 ol ol RS et s JED R T A T SRV N NP PR
-
A

; )/ rs zodal products of inertia of part of section 3 s referred psrtly ,3
£ - K3 to sectional axes and partly to velicle axas. i
§ sIYBRKS .
i 3
%
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. ke

N 4 . -
- 5‘&%1 SEORE WM NI RBy € 7ot uiw e

B R SR AU B

~

oy

P T ORI 5 AP BB H0 Y

—— e e

Z . &istance in tank b from fuel ceater ~P muss to spring
LS

mas» S, posizive up.
TAZLTT

]

distance from gecmetric center to center of fuel mass,
pesitive upward, fur eguivalent .ank i1, Sexe a- ip VPIC
TAZBLR

coordinates of the center of mass of sectior t ., Same as ia
RIS,
SEZSI

coordinates of center of mass of fuel ir tan< i. 3aze g0 in
D,

TAZFRT

coordinates of the centerof mass cf the vehicle. Same as in
veCS.
ZOPRT

somponents of partisl angulur velucity with respect to q
of the J,; coozdiniles relative to the Jy system - values
cbtained after dynamic bslancing.

SFAPR

TAAPR

WM._I_

fuel height mngle for epherical and horizontal cylindrical tanks;
that 1s, the angle between the free surface and a line from the
center of the tsnk to the intersectioa of the free surface vwith
the wall of the tenk. Same a3 in VPCS.

TARRTR

(-

componﬂnts ir the J v system 9f the partisl angular velocity
with respect to q" of the & ri coordinates relative to the Jy
sysm ~~ arbitrary values given prior to dynamic balancing.
SEBEKI - STRUCTURE

TA3IKI - TANKS
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- 7
e conpunents in the ,Jr cystem cf the partisal ang.ar velocity
Bd'! with respect to g7 of the J 5; coordinates relative to tne

Jy systen - arbitrary values given prior %o dynsmic balaacing.
TABRK - TANKS
SEBRK - STRUYCTHURTS

]

products of inartia of section t, refs rre~ .o the sectioral
ares.
TACCHS - TAEG

e

e Y
DAL MNVD T Dasswaunn

Tl

ﬂ-r.. procduct, of in~urtia of part of secti-n v, ,~ “.red to the
>t sectional axes.
SI75IS

B

> >
n
e ettt s - yameuri] et ume s e amosns inmn wstmalN

IY X constants obtlein=a from Bessel functions and used with vertlisa
1,¥2 V3 cylindrical tarke.
TAGAM

-

0 3k inertia coupling terms.

. N Al inertia coupling terme for fuel.
- - ¥ JR TADFJS

"

inertia coupling temms for structure. '
=T JK 5706J5 :

p

A'b tine jncrement used in the numerical integration.

:
r ;
; €J modal inertia terms. ;
’ SPIP3S ’;
i
1 TS H
S ) ipertie coupling terms. H
jwi 5Us ;
",
. 1
-» . '3 “ .
OJK inertia cousling terms

!&%ﬁ@mﬁmimﬁ*mmﬁ RASNTHEEA  COmap i Wi e «on
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r)yF v inertia couplirg “~rms for fuel.
I TATZFS .
~ 7 4 - - % £ ~b
0. inertia_coupling terms for struct ..
, TR SETASS
re
(= S madal imertia torm: for fuel.
- -1 —
| = ~J TATVIS
L N

rS
" J SETSJS
e A’
Z\ K modal irertis terms.

A ) TS )
- - /\ . modal products of inertis of szection 1.
. Ki TACLAM - TANYS
2 ; SEZCLAYS - SLAUCTURY

e
3
o

!
i
i
. Gj modal inertia tevms for structur:. \
-

, wodel preducts of inertia of pert of section .
.' 3ITLLS
el :
B - - r .
, : /\ F modal inertia terms for fuel.
. =~ K TACLFS
. z R &
- Z <
¥ _‘_/\.J v =odal inertia terms for siTucture.
& - - SZCL3S
P I3
. ¥
g,
i
: 5 7\ oi ficquency paremeters for lateral motion of horizoniel
! g’: cylindricel tenks.
: 4
N - 4 A 51 froguency paramcters for latersl motion of spherical tenks.
s - a
A -~
'3: \ °109~ é
" :
“ ,: 1
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™oy

LS LR LTI TRNTT? ST

irertia coupling ter~s for fuel and stracture.
TAMUIS -~ TANES
SEMUTS - S5TRUCTURE

fuel slosh inertie terns for vertise’ “yiindrical teuk..
TETLES, TAUSP3, TARIFS, TAUMPS, TAJSTS

aerceyr.auic nodal tern.
AZXIJ?

ratio of circumference to diameter of a circle.
PI

the atmospheriz density.
EMRHES

Aensitv Of fuel 4n tank | flaed w.th <nharicsl and horizental
cylindrical tanks. bSame as in vPCU.
TARHFS

components in the 1:.' syviem 5L .te given pertisl linear
velocdty with raspect tc «" of the peint of rotation of
muvable sestion 3 relative “o the section.

nodel inertia t-rms for fuel.
TACSES

zedal inevtia terms for structure.
SECSSS

r
in

v

SESPSYH, AS




R .V NPT NeEA

%ﬁwm&m&wmﬁ“”\ﬂmvﬁ“"W‘w I CPWEINE S L1 A pp

o~ T

static unbalance of pa.t of a section, refer.zd to sectional
1xe3.
SIGAPS

-
enordinates in the Jyp; zysiem of perticie h.
SEYPRH, AEVPRT, SIVEGT

fuel siosh iierciz terms.
SEPJKS  STRUCTJRE
TAPCKS -~ TANKS

kinematic modal cousling term such thet

v r
Bron + Plan = 0Tun /09"
ADPKHT

a funct{ion used ir connection wita vertical cylindrical tapks.
TAPSI

dynemic unbslance of part of g cection, referrsd tc sectlonsal
axes.
SIPSIS

componaents in *h:z y coordinate system of the anguler velocity
of the vehicle axes.

vy
PERER

components in the y conrtdinate system of the engular accelera-
tion of the v:hizie axes.
SIFVOR

fucl slosh frequency in Lhe K-th degree of freedom.
TAVKI

vibration frequency associated with the j-th degree of frsedcm.
SEWJ
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ot T R ALY S e

Dote b0 Yoo oubalotod
L. 1 {= mmbor of elastic degeoe: of frecdcir). .
20 Fep ot ira,  WR (0€ W £2 )

o '6"} . po" L’ R4 4-'() 3 taet 1o, ﬁ'f.*:' Lo taenl \.‘ ‘S

1? a1k Pvliv‘drjcu saniis,
7/

- A Ly an

we v.oriugs X } I_é z X.‘ z J vor N’ s+

}Kl vOor.sus x v -

Don ctruectuce, irncluldin, tunks but not Tuel, 1&‘ R S

in

r
r. 1If P. = |, th‘n 'X wdF)\“ are glvern.

o
(MU ko (j‘ nre not given).

A o ,r
it PYl | then MUK, Vih ona O i orc slven (he,2,...Pi;

"= L, 2 5K i, b2,
,.
i 0-1,‘ = 0, then x"l and B“g are bi'ft.!n.
e
'Ifd-t ¥ 0, then 7;: 2nd 5\'.'. are given.

o
.

l‘or cerudyna'ti( p.'nt.s of struntiural Mcfionu,

)n a-st.k ! vl}\ SU\: ’T;"‘ ' N ( _‘.‘.IO\ )
Yor all degreea: of frecdom, 7 3
WYor structural vibration modes, Wj.

for the computation of structural loads, dezignations of pointn in éhe
structure, and, with each point, assoclated scctions, tanks,and engines

* (that is, thrust vectoring nozzles). Points ave draignoatey Ly ¢lving

the numberc 4 of sectlons and the sectional conrdinctas Vegof the points.
Jith cach zection, theve wmat eolen be an indication of Minrl purticles
and vhich aerodynamic parts will be inciuded in the summations. For
zome 3ections, -all particles and aerodynamic parts vill bu used; for such
sections, the user should so indicnte, hecause this rcoulta in simplifi.

~cution of some formulaes. Submit values of 7

'sections or tenks snd of particles within ueet:lon;for vhi

For the computation of accelerations and deflections, designetion: ct
points in the vchicle. Points are designated by giving the u\ﬂo 8 | of
ch o Ir

i designates a tapk or a section for which P = 1,M1s not given.
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Tt Rzgulred Trom e VPT 3ubprogsan

ra tare, iacludirg “anky tut not fuel,

2 eh Jry Ke (F371,8:3, 02,2, - 8
n {s3*ructure, tanzs, anc .uel},

[y 222 - ‘-: 5 R3
v
“ ‘/T'
\n,
2L (ewerna3)

5. Foy ail_*tan¥s,

Fe  Z..
5. Informetion a: to whetuer or 5ot =ach equivelant tarx :. reciengular,
horizontal cylindricel, vertical cylindrical, or sphe:izal.

1

¢+ &or rectangwlsr tep¥s,

Fu e 1CuaCai i Jer

‘

(o]

«  or horizontal cylindricsl tanks,

L“i.hi:B\;R“‘sei’h\nJFﬁ
For vertizsl :ylindrical tenks;
bvi;nit“"RV"hi

1C. For spherical tenks,

éa vy Rey G?‘

Y
.

TN

Ll
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sinh anuu =3
Cosh AN el * -é—
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r\\ = ra. .r_,‘ =y

Yo < o0, T2 - Ny, /’};
Py > T2 Jta = v/

ro lusi2,s5 3502, W
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(e - e
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_onn anusi
cosh an ust

St an usi

'*'o.t\ h onus
2

1 4+ COSN oX uel

r—
Wy » Wosy = \/%z (@s-1) 7 tamh anys,

My * Musl =

Z‘ =Zusi

"

‘}Fh Jru {
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8 Yanh an g
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t
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Jese = Jesi !\ - v __ 768 Zj Yonn T2

?ﬂ b 31}

l"3|[| f(rsl)ajﬂ-a v\

Ny sy

A Ki M Zw when pr-3 and t
T 0 otherwise (r,t =1,2,3)

m,: when j-u«

2. For horizontal cylindricel tanks ,

ah, = oTr; (s-1,2,...un)

. —aMg:
sinh an,, = % (e - e h)

oh o —avy
cosnt  an o; ‘&{e + e )

fnnh ong; * Sinh any;
- cost any,:
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tanh = - Sinhan,,

1+ cosh an,,
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e - ] * ree R W ;

8 tonh ang,
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